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ORBIFOLD EXPANSION AND ENTIRE FUNCTIONS WITH
BOUNDED FATOU COMPONENTS
LETICIA PARDO-SIMO´N
Abstract. Many authors have studied the dynamics of hyperbolic transcendental entire
functions; these are those for which the postsingular set is a compact subset of the Fatou
set. Equivalenty, they are characterized as being expanding. Mihaljevic´-Brandt studied a
more general class of maps for which finitely many of their postsingular points can be in
their Julia set, and showed that these maps are also expanding with respect to a certain
orbifold metric. In this paper we generalise these ideas further, and consider a class of
maps for which the postsingular set is not even bounded. We are able to prove that
these maps are also expanding with respect to a suitable orbifold metric, and use this
expansion to draw conclusions on the topology and dynamics of the maps. In particular,
we generalize existing results for hyperbolic functions, giving criteria for the boundedness
of Fatou components and local connectivity of Julia sets. As part of this study, we develop
some novel results on hyperbolic orbifold metrics. These are of independent interest, and
may have future applications in holomorphic dynamics.
1. Introduction
The notion of expansion on its various forms is a cornerstone in the study of dynamical
systems. In holomorphic dynamics, expansion for a function has frequently bee under-
stood in terms of a conformal metric defined on a neighbourhood of its Julia set. More
specifically, in the polynomial case, a map p is said to be hyperbolic if it is expanding with
respect to a hyperbolic metric induced on a neighbourhood of its compact Julia set J(p).
This is equivalent to saying that every critical value of p belongs to the basin of attrac-
tion of a periodic cycle, and in particular its orbit lies in the Fatou set F (p) [DH84]. For
transcendental entire maps, infinity is an essential singularity and thus Julia sets are no
longer compact. Still, with a slight modification on the notion of expansion that requires
the hyperbolic metric to be defined in a punctured neighbourhood of infinity, a definition
and characterization of hyperbolic transcendental maps is analogous as to that in the poly-
nomial case. See [Las16, Theorem and Definition 1.3] and Definition 2.1.
The fact that for a hyperbolic map f both its set of singular values S(f) and the closure
of its forward orbit, called the postsingular set P (f) ..=
⋃
n≥0 f
n(S(f)), are contained on
its Fatou set is crucial in terms of expansion. This is because then, all iterates of f act as
a covering map in the neighbourhood of J(f) where the hyperbolic metric sits. However,
Douady and Hubbard were able to generalize hyperbolic polynomials to subhyperbolic ones;
that is, any polynomial p for which P (p) ∩ J(p) is finite. Inspired in work of Thurston
[Thu84a], they overcame the presence of postsingular points in the Julia set of the polyno-
mial by considering J(p) as a subset of a Riemann orbifold on which p acts as an orbifold
covering map, showing p to be expanding with respect to the corresponding orbifold metric
[DH84]. See Section 3 for basic definitions on orbifold metrics. In particular, orbifold ex-
pansion allowed them to prove that the Julia set of subhyperbolic polynomials is locally
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2 L. PARDO-SIMO´N
connected [DH84]. The notion of subhyperbolicity for transcendental maps was firstly in-
troduced by Mihaljevic´-Brandt in [MB12]. A transcendental entire map f is said to be
subhyperbolic if P (f) ∩ F (f) is compact and P (f) ∩ J(f) is finite. For a transcendental
entire function, the presence of asymptotic values or critical points with arbitrary large
local degree in the Julia set prevents it to be considered as a subset of an orbifold. Hence,
orbifold expansion is shown in [MB12, Theorem 4.1] for subhyperbolic functions for which
this does not occur, that is, with bounded criticality on their Julia sets, called strongly
subhyperbolic.
Note that since the postsingular set of subhyperbolic transcendental maps is bounded, they
all belong to the broadly studied Eremenko-Lyubich class B; consisting of those transcen-
dental entire functions with bounded singular set. Moreover, the fact that for subhyperbolic
maps the postsingular set is also bounded is decisive the in arguments concerning estimates
on orbifold metrics in [DH84, MB12]. In this paper we generalize strongly subhyperbolic
functions to a class of functions that allows unbounded postsingular sets: we say that a
transcendental entire function f is postcritically separated if P (f) ∩ F (f) is compact and
J(f)∩P (f) is discrete. If in addition f has bounded criticality in J(f) and the points in
J(f) ∩ P (f) are “sufficiently separated”, we say that f is strongly postcritically separated.
See Definition 2.3. Our main result requires functions to additionally be in the class B:
Theorem 1.1 (Orbifold expansion for strongly postcritically separated maps). Let f ∈ B
be a strongly postcritically separated map. Then there exist a constant Λ > 1 and a pair of
hyperbolic orbifolds O and O˜ such that f : O˜ → O is an orbifold covering map,
‖Df(z)‖O ..= |f
′
(z)|ρO(f(z))
ρO(z)
≥ Λ, (1.1)
and J(f) is contained in both of their underlying surfaces.
Theorem 1.1 has allowed us to provide in the sequel paper [PS19b] a complete description
of the topological dynamics of certain transcendental functions with unbounded postsin-
gular set, being this the first result of the kind. Namely, the results in [PS19b] hold for
strongly postcritically separated functions satisfying some additional condition that guar-
antees the existence of dynamic rays. In this paper we use Theorem 1.1 to generalize some
of the results on the topology of Julia and Fatou sets in [BFRG15] concerning hyperbolic
functions. In particular, the next theorem is a generalization of [BFRG15, Theorem 1.2].
Theorem 1.2 (Bounded Fatou components). Let f ∈ B be strongly postcritically separated.
Then the following are equivalent:
(a) Every component of F (f) is a bounded Jordan domain;
(b) the fuction f has no asymptotic values and every component of F (f) contains at
most finitely many critical points.
As a consequence, we obtain a result on local connectivity of Julia sets that generalizes
[BFRG15, Corollary 1.8].
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Corollary 1.3 (Bounded degree implies local connectivity). Let f ∈ B be strongly postcrit-
ically separated with no asymptotic values. Suppose, furthermore, that there is a uniform
bound on the number of critical points, counting multiplicity, in the Fatou components of
f . Then J(f) is locally connected.
The following corollary provides further sufficient conditions for local connectivity of Julia
sets. Compare [BFRG15, Corollary 1.9(a)].
Corollary 1.4 (Locally connected Julia sets). Let f ∈ B be strongly postcritically separated
with no asymptotic values, suppose that every component of F (f) contains at most one
critical value, and that the multiplicity of the critical points of f is uniformly bounded.
Then J(f) is locally connected.
In order to be able to consider the Julia set of a holomorphic funtion a subset of an
orbifold for which the function is an orbifold covering map, the set of ramified points of
the orbifold, and hence the set of singularities of the orbifold metric, must contain the
postsingular points of the function that are on its Julia set. Since for our functions these
singularities might tend to the essential singularity at infinity, we have required to get
global estimates on the densities of hyperbolic orbifolds, in particular generalizing some
known estimates for metrics on hyperbolic domains.
Theorem 1.5 (Estimates on relative densities). Let O˜ and O be hyperbolic orbifolds such
that the inclusion O˜ ↪→ O is holomorphic, and denote by ρO˜, ρO their respective densities.
Let z ∈ O˜ be unramified and let R be the O-distance between z and the complement in O
of the unramified points of O˜. Then,
1 <
eR√
e2R − 1 ≤
ρO˜(z)
ρO(z)
≤ 1 + 2
eR − 1 . (1.2)
See Proposition 3.8 for a more precise version of the statement. We have also shown
that whenever singularities of the orbifold metric are continuously perturbed, the metric
changes in a continuous way, including the case when singlularities “collapse” to a single
singularity of greater degree. See Theorem 3.12. This has the following implication.
Theorem 1.6. Fix A ⊂ C compact and let U be a Jordan domain containing A. Then,
for every pair of natural numbers c,M , there exists a constant R ..= R(A, c,M) > 0 such
that for every orbifold O with underlying surface U and at most M ramified points with
ramification value smaller or equal to c, it holds that dO(p, q) < R for every p, q ∈ A.
Finally, in Section 6 we introduce a modified notion of homotopy classes that allows curves
to contain postsingular points, and for which an analogue of the homotopy lifting property
holds for these curves, see Proposition 6.5. In particular, we have shown in Corollary 6.9
that if U is a bounded set of a hyperbolic orbifold such that P (f) ⊂ U is finite and there
is a dynamic ray of f landing at each of those postsingular points, then there exists a
constant µ such that for any piece of dynamic ray of f contained in U , we can find a curve
on its “modified homotopy class” with orbifold length at most µ, a result of great value
for expansion arguments.
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Structure of the article. In Section 2 we provide the formal definition of strongly post-
critically separated maps, their basic properties and some examples. Section 3 includes
background in orbifolds and results on hyperbolic orbifold metrics, in particular the proof
of Proposition 1.5 and Theorem 1.6. Using these results, in Section 4 we construct for
each strongly postcirically separated map a pair of dynamically associated orbifolds that
we use to prove Theorem 1.1. Section 5 contains the proofs of the results on Fatou com-
ponents and local connectivity of Julia sets, that is Theorem 1.2 and Corollaries 1.3 and
1.4. Finally, section 6 suggests a new notion of homotopies classes for curves that contain
postsingular points and includes results on finding curves with uniformly bounded orbifold
length on each of these classes.
Basic notation. As introduced throughout this section, the Fatou and Julia set of an
entire function are denoted by F (f), J(f) respectively. The set of critical values CV (f),
that of asymptotic values AV (f) and the set of critical points Crit(f). The set of singular
values of f is S(f) and P (f) will be the postsingular set. Moreover, PJ ..= P (f) ∩ J(f)
and PF ..= P (f) ∩ F (f). We denote the complex plane by C, the Riemann sphere by Cˆ
and the right half-plane by H. A disc of radius  centred at a point p will be D(p) and the
unit disc centred at 0 will be abbreviated as D Moreover, D∗ ..= D \ {0}. We will indicate
the closure of a domain either by U or cl(U) in such a way that it will be clear from the
context, and these closures must be understood to be taken in C. A b B means that A is
compactly contained in B. The annulus with radii a < b ∈ C will be denoted by
A(a, b) ..= {w ∈ C : a < |w| < b}.
Acknowledgements. I am very grateful to my supervisors Lasse Rempe-Gillen and Dave
Sixsmith for their continuous help and support.
2. Strongly postcritically separated functions
We start by defining and looking at the basic properties of the maps we will study through-
out the document.
Definition 2.1 (Postcritically separated, subhyperbolic and hyperbolic functions). We say
that a transcendental entire function f is postcritically separated if PJ ..= P (f) ∩ J(f) is
discrete and PF ..= P (f) ∩ F (f) is compact. In the particular case when P (f) ∩ J(f) is
finite, f is called subhyperbolic, and when P (f) ∩ J(f) = ∅, f is hyperbolic.
Observation 2.2 (Dichotomy for points in PJ). If f is postcritically separated, then any
p ∈ PJ is either (pre)periodic or it escapes to infinity: if p /∈ I(f) then Orb+(p) ⊂ DR for
some R > 0 and by discreteness of PJ in DR the claim follows. In particular, if in addition
f ∈ B, there can be at most finitely many points in P (f) ∩ J(f).
Recall that for a holomorphic map f : S˜ → S between Riemann surfaces, the local degree
deg(f, z0) of f at a point z0 ∈ S˜ is the unique integer n ≥ 1 such that the local power
series development of f is of the form
f(z) = f(z0) + an(z − z0)n + (higher terms),
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where an 6= 0. Thus, z0 is a critical point if and only if deg(f, z0) > 1. We also say that
f has bounded criticality in a set A if AV(f) ∩ A = ∅ and there exists a constant M <∞
such that deg(f, z) < M for all z ∈ A.
Definition 2.3 (Strongly postcritically separated functions). A postcritically separated
transcendental entire map f is called strongly postcritically separated with parameters
(c,K,M) if:
(a) f has bounded criticality in J(f),
(b) for all z ∈ J(f), #(Orb+(z) ∩ Crit(f)) ≤ c,
(c) M > 0, K > 1 and for all r > 0, #
({
z ∈ PJ such that z ∈ A(r,Kr)
}) ≤M.
Remark. Note that the idea that for any f strongly postcritically separated map P (f)∩J(f)
is “sufficiently spread” becomes explicit in item (c) above. This condition tells us that
there exist constants M and K such that each annulus of the form A(r,Kr) for some r > 0
contains at most M postcritical points in J(f). In particular, this implies that the orbit
of any point in S(f) ∩ I(f) must converge to infinity at more than a constant rate.
Remark. When f is subhyperbolic and condition (a) holds, then f is called strongly sub-
hyperbolic. Note that for subhyperbolic maps, conditions (b) and (c) are trivially satisfied,
and thus any strongly subhyperbolic map is a strongly postcritically separated one.
Hyperbolic
Strongly
Subhyperbolic
Subhyperbolic
Strongly
Postcritically
separated
Postcritically
separated
Class B
Figure 1. Illustration of the relationships between the classes of functions
defined in this section
Remark. If f is a strongly postcritically separated map of parameters (c,K,M), so it is
fn for all n ≥ 0. This follows from the facts that AV(fn) = ⋃i f i(AV(f)), CV(fn) =⋃
i f
i(CV(f)), J(fn) = J(f) and P (fn) = P (f).
Examples. The following functions belong to the classes of maps we have defined:
• The exponential map is a postcritically separated map in class B that is not strongly
postcritically separated nor subhyperbolic, since its asymptotic value escapes to infinity
and thus is on its Julia set.
• The function pi sinh has only two critical values and no asymptotic values. Moreover, its
postsingular set equals {0,±pii}. Thus, it is strongly subhyperbolic, and hence strongly
postcritically separated. See [MB12, Appendix A] for a description of the dynamics of
this map.
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• For the function f ..= cosh, S(f) = CV(f) = {−1, 1} ⊂ I(f). Moreover, f ∈ B and is
strongly postcritically separated, but not subhyperbolic. See [PS19b] for more details on
the dynamics of this map. In particular, Theorem 1.1 applies to this map.
Dave Sixsmith has pointed these two further examples:
• Let erf denote the error function [AS72, page 297]. Then the singular set of the function
g : C→ C given by
g(z) ..=
2iIm(z)√
pi
∫ z
0
e−w
2
dw + Re(z) = iIm(z)erf(z) + Re(z)
consists of two fixed asymptotic values that belong to J(g). Hence g is postcritically
separated by not strongly postcritically separated. See [Six18, page 7] for more details
on functions constructed this way.
• The function cosh−1 has as singular set two critical values, namely the point 0, which is
superattracting, and the point −2, which belongs to the fast escaping set of the function.
Hence, this is another example of a strongly postcritically separated function in class B.
The types of Fatou components that can occur for postcritically separated functions follow
from classical results.
Lemma 2.4 (Fatou components for postcritically separated maps). Let f be postcritically
separated. Then F (f) is either empty or consists of a collection of attracting basins, Baker
domains and escaping wandering domains. The number of attracting basins must be finite,
and in the two latter cases, the domains do not contain singular values. In particular,
PF is contained in a finite union of attracting basins and every periodic cycle in J(f) is
repelling. If in addition f ∈ B, F (f) consists of at most a finite union of attracting basins.
Proof. Compactness of PF excludes parabolic components: suppose that F (f) had a para-
bolic component U of period p, with a parabolic fixed point z0 ∈ ∂U such that fnp(z)→ z0
as n → ∞ for every z ∈ U . By [Ber93, Theorem 7], U must contain a singular value, say
w. But Orb+(w) ⊂ PF , and contains the subsequence w, fp(w), f 2p(w), . . . , converging to
z0 /∈ F (f), which would contradict that PF is compact. Let P ′(f) be the set of finite limit
points of P (f). By our assumption of discreteness of PJ , J(f)∩P ′(f) = ∅. Every boundary
point of every Siegel disc or Herman Ring belongs to P ′(f), and so these domains cannot
occur.
For a wandering domain U , its limit functions {fn|U} are in J(f). By [BHK+93], all limit
functions of {fn|U} are in P ′(f). Hence, for U a wandering domain of f , the dynamics must
converge to infinity. Since PF is compact, I(f) ∩ PF = ∅, and so if Baker or escaping
wandering domains occur, they will cannot contain singular orbits. Moreover, again by
compactness of PF and a covering argument, there can only be finitely many attracting
components. See [MB09, Proposition 3.1]. Therefore, PF is contained in a finite union of
attracting basins. If z0 was an irrationally indifferent periodic point in J(f), then there
would be a sequence wk of points in P (f) converging non-trivially to z0. See [Mil11,
Corollary 14.4]. Since PJ is discrete and PF is contained in the union of finitely many
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attracting basins, this is impossible. By [EL92], functions in class B do not have Baker
domains nor wandering domains in which the dynamics converge to ∞. 
For a transcendental entire map, we denote by A(f) the set of all points whose forward
orbit converges to an attracting cycle of f . The following property will be of use to us
when f is strongly postcritically separated. In that case PF b F (f) = A(f). Recall that
by Jordan domain we mean a complementary component of a Jordan curve on the sphere;
and so might be bounded or unbounded.
Proposition 2.5. [MB09, Proposition 3.1] Let f be a transcendental entire function and let
C ⊂ A(f) be a compact set. Then there exist bounded Jordan domains J1, . . . , Jn compactly
contained in pairwise different components of A(f), and  > 0 such that if J ..= ⋃ni=1 Ji,
then
f(J) b J b A(f) and D(Orb+(C)) b J.
3. Hyperbolic orbifold metrics
In this section we start in a first subsection providing the necessary background on Riemann
orbifolds that we require in this paper. Then, we proof Theorem 1.5 in a subsequent
subsection and conclude proving on a third one the announced result regarding continuity
under perturbation of ramified points of the corresponding orbifold metrics. In particular,
we deduce Theorem 1.6.
Background on Riemann orbifolds
An orbifold is a space that is locally represented as a quotient of an open subset S of Rn by
a linear action of a finite group. For a constructive development see [Thu84a, Chapter 13].
For the purposes of this article, we are only interested in orbifolds modelled over Riemann
surfaces. We will take advantage of the fact that in this case, orbifolds are conveniently
totally characterized by the surface S itself together with a map that “marks” a discrete
set of points of S. For a more detailed introduction to this particular case we refer to
[McM94, Appendix A] and [Mil11, Chapter 19 and Appendix E]. For the case when the
orbifold is constructed over a 2-sphere see also [BM17, Appendix A.9]
Definition 3.1 (Riemann orbifold). A Riemann orbifold is a pair (S, ν) consisting of a
Riemann surface S, called the underlying surface, and a ramification map1 ν : S → N≥1
such that the set
{z ∈ S : ν(z) > 1}
is discrete. A point z ∈ S with ν(z) > 1 is called a ramified or marked point, and ν(z)
is its ramification value. If ν(z) = 1 we will say that z is unramified. The signature of
an orbifold is its list of ramification values, where each of them is repeated as often as it
occurs as ν(z) for some ramified point z ∈ S.
Remark. For the purpose of this paper, we shall often use “orbifold” synonymously with
“Riemann orbifold”. Note that a traditional Riemann surface is a Riemann orbifold with
ramification map ν ≡ 1. We will allow the surfaces to be disconnected, and hence certain
properties should be understood component-wise.
1Unlike in other texts, we only allow the ramification map to take finite values.
8 L. PARDO-SIMO´N
In order to define holomorphic maps between orbifolds, we recall the following definitions:
a map f : S˜ → S between Riemann surfaces is a branched covering map if for every z ∈ S˜
there is a neighbourhood U 3 z such that f maps any component of f−1(U) onto U as a
proper map. That is, the preimage f−1(K) of any compact set K ⊂ U is a compact subset
of S˜.
Definition 3.2 (Holomorphic and covering orbifold maps). Let O˜ = (S˜, ν˜) and O = (S, ν)
be Riemann orbifolds. A holomorphic map f : O˜ → O is a holomorphic map f : S˜ → S
between the underlying Riemann surfaces such that
ν(f(z)) divides deg(f, z) · ν˜(z) for all z ∈ S˜. (3.1)
If in addition f : S˜ → S is a branched covering map such that
ν(f(z)) = deg(f, z) · ν˜(z) for all z ∈ S˜, (3.2)
then we call f : O˜ → O an orbifold covering map. If there exists an orbifold covering
map between O˜ and O and in addition S˜ is simply-connected, we say that O˜ a universal
covering orbifold of O.
We note that a map f : O˜ → O can be an orbifold covering map even if f : S˜ → S is a not
a covering map in the usual sense, and indeed that will be the most frequent case for us.
As a generalization of the Uniformization Theorem for Riemann surfaces, with only two
exceptions, every Riemann orbifold has a universal covering orbifold.
Theorem 3.3 (Uniformization of Riemann orbifolds). Let O = (S, ν) be a Riemann orb-
ifold for which S is connected. Then O has no universal covering orbifold if and only if O
is isomorphic to Ĉ with signature (l) or (l, k), where l 6= k. In all other cases the universal
cover is unique up to a conformal isomorphism over the surface S and given by either Ĉ,
C or D. In particular, if S ( C and #(Ĉ \ S) > 2, then O is covered by D.
In analogy to Riemann surfaces, we call an orbifold O elliptic, parabolic or hyperbolic if
all of its connected components are covered by Ĉ,C or D respectively. A more detailed
exposition of this theorem can be found in [McM94, Theorem A2].
3.4 (Orbifold metric). Theorem 3.3 allows us to induce a metric on those orbifolds that
have universal covers as the pushforward of the spherical, Euclidean or hyperbolic metric of
its universal cover. More precisely, let O = (S, ν) be an orbifold that has universal covering
surface C ∈ {C, Cˆ,D}, and let ρC(z)|dz| be a complete conformal metric on C. By pushing
forward this metric by a universal covering map, we obtain a Riemannian metric on O,
that we denote by ρO(w)|dw| and call the orbifold metric of O. If C ∈ {C, Cˆ}, this metric
is uniquely determined by normalizing the curvature to ±1, and for C = C the metric
is well-defined up to a positive scalar multiple. The orbifold metric on O determines a
singular metric in the surface S, which is again a complete metric with singularities at
the ramified points. That is, if ν(w0) = m > 1 for some w0 ∈ S, then ρO(w)|dw| has a
singularity of the type |w − w0|(1−m)/m near w0 of multiplicity m in S. We then say that
w0 is a cone point.
Remark (Cone point versus puncture). There is an advantage on defining an orbifold metric
on S ⊂ C for which w0 is a cone point over considering S \ {w0} as a hyperbolic set
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and inducing a hyperbolic metric on it, so that w0 is a puncture. Even if both of the
corresponding densities tend to infinity as we approach w0, contrary to what happens
when w0 is a puncture, the cone point w0 is “innocuous” in the sense that any reasonable
path that approaches w0 has finite length with respect to the orbifold metric. See [Mil11,
pages 210-211], as well as Proposition 6.6 for an example where estimates are computed.
Remark. If O = (S, ν) is an orbifold that admits an orbifold metric in the sense above,
then such metric is topologically equivalent to the Euclidean metric in S, that is, both
metrics generate the same topology on S. Moreover, if γ is a curve in O, then γ ∈ L1 since
the set of ramified points in γ, and thus singularities of the orbifold metric, is discrete and
so of Lebesgue measure 0. We will use these facts without further comment.
Remark. The singular metric determined in S in the sense above is topologically equivalent
to the Euclidean metric in S, that is, both metrics generate the same topology on S.
Moreover, if γ is a curve in O, then γ ∈ L1, since the set of ramified points in γ, and thus
singularities of the orbifold metric, is discrete and so of Lebesgue measure 0. We will use
these facts without further comment.
As usual, for an orbifold O that admits an orbifold metric, we can define a distance function
dO, and in particular for any two subsets A,B ⊂ O, we denote
dO(A,B) ..= inf {dO(x, y) : x ∈ A, y ∈ B} .
The so-called Schwartz Lemma or Pick Theorem for hyperbolic surfaces generalizes to
hyperbolic orbifolds on this way:
Theorem 3.5 (Orbifold Pick’s theorem). A holomorphic map between two hyperbolic orb-
ifolds can never increase distances as measured in the hyperbolic orbifold metrics. Distances
are strictly decreased, unless the map is a covering map in which case it is a local isometry.
We refer to [Thu84b, Proposition 17.4] or [McM94, Theorem A.3]. In particular, this
theorem has the following implication that we shall use:
Corollary 3.6 (Comparison of orbifold densities). Let O˜ and O be hyperbolic orbifolds
such that the inclusion O˜ ↪→ O is holomorphic. If ρO˜ and ρO are the respective densities of
their orbifold metrics, then ρO˜(z) ≥ ρO(z) for all unramified z ∈ O˜, with strict inequality
when the inclusion map is not an orbifold covering.
Estimates on hyperbolic orbifold metrics
In this subsection we study the relation between the densities of the metrics of two hy-
perbolic orbifolds whenever one of them is holomorphically embedded in the other. More
specifically, let O˜ ..= (S˜, ν˜) and O = (S, ν) be hyperbolic orbifolds such that the inclusion
O˜ ↪→ O is holomorphic. By Corollary 3.6, we have that ρO˜(z) ≥ ρO(z) for all unramified
z ∈ O˜. The intuition behind it is the following: note that the density of a hyperbolic
orbifold metric tends to infinity both when we approach the boundary of its underlying
surface and as we tend to ramified points. Moreover, since the singularities of the orbifold
metric are of the form |w − w0|(1−m)/m near a ramified point w0 with ramification value
m, the density tends “faster” to infinity as we approach w0 as m increases. Hence, since
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for O˜ ↪→ O to be holomorphic S˜ ⊂ S and ν˜(z) ≥ ν(z) for all z ∈ O˜, any point in z ∈ S˜
is closer to ∂S˜ than to ∂S, and for those close to a ramified point, their density in O˜ is
greater than their density in O since in the first case the ramification value is greater.
Thus, ramified points can be thought of as boundary points regarding the orbifold relative
densities. This motivates the definition of the following set.
Definition 3.7 (Relative boundary for a pair of orbifolds). Given a pair of orbifolds
O˜ = (S˜, ν˜) and O = (S, ν) such that the inclusion O˜ ↪→ O is holomorphic, we define their
relative boundary as the set
BOO˜ ..= ∂S˜ ∪
{
z ∈ S ∩ S˜ : ν˜(z) > ν(z)}.
Remark. If O˜ ↪→ O is holomorphic, then BOO˜ 6= ∅ if and only if the inclusion is not an
orbifold covering map. Moreover, the inclusion being holomorphic implies that all ramified
points of O are also ramified points of O˜, and hence, the quotient ρO˜(z)/ρO(z) is well-
defined for all unramified z ∈ O˜.
The next proposition provides lower and upper bounds for the quotient of such densities
in terms of the orbifold hyperbolic distance between a point z ∈ S˜ and the set BOO˜ . This
is inspired in [MBRG13, Proposition 3.4], where an analogous result is shown to hold for
hyperbolic Riemann surfaces.
Proposition 3.8 (Relative densities of hyperbolic orbifolds). Let O˜ ..= (S˜, ν˜) and O ..=
(S, ν) be hyperbolic orbifolds such that the inclusion O˜ ↪→ O is holomorphic but not a
covering. Let z ∈ O˜ be unramified and suppose that R ..= dO(z,BOO˜) <∞. Then,
1 <
eR√
e2R − 1 ≤
ρO˜(z)
ρO(z)
≤ 1 + 2
eR − 1 . (3.3)
Remark. The exact dependence of the bounds on R is not relevant for our purposes, but
instead, we are interested in the fact that the quotient of densities depends only on R and
is bounded away from 1. See Figure 2. Still, we point out that the proof will show that
the bound is sharp in the sense that it can be attained.
Figure 2. Plot of the function Λ(R) ..= eR /
√
e2R − 1 that provides a lower
bound for relative densities in the setting of Proposition 3.8. Observe that
Λ(R) > 1 for all R.
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Proof of Proposition 3.8. We can assume without loss of generality that the surfaces S˜ and
S are both connected, since otherwise the same argument applies component-wise. For the
point z fixed on the statement of the proposition, let pi : D → O be a universal covering
map with pi(0) = z. In particular, by definition of orbifold covering map, for any w ∈ D,
ν(pi(w)) = deg(pi,w) · νD(w) = deg(pi,w), (3.4)
as νD ≡ 1 by definition. Note that by assumption z ∈ S∩S˜, and so there exists a connected
component of pi−1(S˜) that contains the point 0, that we shall denote D̂. Since O˜ ↪→ O is
holomorphic, ν(z) divides ν˜(z) for all z ∈ O˜, and so we can define a ramification function
νˆ : D̂ → N+ as
νˆ(x) ..=
ν˜(pi(x))
deg(pi, x)
. (3.5)
Note that for each x ∈ D̂, νˆ(x) > 1 if and only if pi(x) ∈ S˜ ∩ BOO˜ , which is a discrete
set of points, since the set of points for which ν˜ assumes values greater than 1 is discrete.
We can then define the orbifold Oˆ ..= (D̂, νˆ). Observe that by definition, the restriction
pi|D̂ : Oˆ → O˜ is an orbifold covering map.
Since by assumption dO(z,BOO˜) = R, we can choose a point z2 ∈ BOO˜ such that dO(z, z2) =
R. In particular, by definition of BOO˜ , the point z2 belongs to cl(S˜) and so z2 ∈ S. We can
connect z2 to z using a geodesic in the metric of O of length R. By lifting this geodesic
to the unit disc using the map pi, we can see that cl(D̂) contains a point w such that
distD(0, w) = R. By precomposing with a rotation, we can assume that w is a positive real
number. By Theorem 3.5, dD(x, y) ≥ dO(pi(x), pi(y)) for all x, y ∈ D and hence the disc
in the hyperbolic metric on D of radius R centred at the origin is contained in D̂, which
in particular is an Euclidean disc of radius w. Moreover, by definition of the constant R,
νˆ(z) = 1 for all z ∈ Dw(0) ⊂ D̂, and thus, if we regard Dw(0) as a hyperbolic orbifold with
ramification map constant and equal to 1, the inclusion Dw(0) ↪→ Oˆ is a homomorphic
orbifold map. In particular by Corollary 3.6, ρOˆ(x) ≤ ρDw(0)(x) for all x ∈ Dw(0). Thus,
using Theorem 3.5, and recalling that pi(0) = z,
ρO˜(z)
ρO(z)
=
|pi′(0)| · ρO˜(pi(0))
|pi′(0)| · ρO(pi(0)) =
ρOˆ(0)
ρD(0)
≤ ρDw(0)(0)
ρD(0)
=
1
w
. (3.6)
We have obtained an upper bound for the relative densities at z in terms of the value
w. In order to get a lower bound, we shall divide the proof into two cases depending on
whether νˆ(w) = 1 or νˆ(w) > 1. In the first case, by the choice of w it must occur that
w ∈ ∂D̂ ⊂ D \ {w}. Then, the inclusion Oˆ ↪→ (D \ {w}, ρD\{w}) is homomorphic, where
ρD\{w} is the constant function equal to 1, and so by Corollary 3.6, ρOˆ(x) ≥ ρD\{w}(x) for
all unramified x ∈ Oˆ. Thus, in this case, using Theorem 3.5 and (3.6),
ρO˜(z)
ρO(z)
=
ρOˆ(0)
ρD(0)
≥ ρD\{w}(0)
ρD(0)
=
ρD∗(w)
ρD(w)
=
1− w2
2w| logw| > 1. (3.7)
For the second case, let k ..= νˆ(w) ≥ 2 and define the orbifold Okw ..= (D, µ) such that
µ(w) = k and µ ≡ 1 elsewhere. Then, the inclusion Oˆ ↪→ Okw is homomorphic, and so by
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Corollary 3.6, ρOˆ(x) ≥ ρOkw(x) for all x ∈ S˜. Thus, using Theorem 3.5 and (3.6),
ρO˜(z)
ρO(z)
=
ρOˆ(0)
ρD(0)
≥ ρOkw(0)
ρD(0)
. (3.8)
Let Ok0 be the orbifold with underlying surface the unit disc and signature (k), with 0
being its only ramified point. Consider the Mo¨bius transformation T : D → D given by
T (z) ..= z−w
wz−1 , that satisfies T (w) = 0 and T (0) = w. Let pi2 : D → Ok0 be a universal
covering map. Then, pi2 ◦ T : D→ Okw is a covering map, and thus by Theorem 3.5,
|pi′2(z)|ρOk0 (z) = ρD(z) = |T
′
(pi2(z))||pi′2(z)|ρOkw(T (pi2(z)).
Hence, using that T (R) = 0 we get that ρOk0 (w) = |T ′(w)|ρOkw(0), and similarly, ρD(w) =|T ′(w)|ρD(0). Thus, substituting accordingly, equation (3.8) becomes
ρO˜(z)
ρO(z)
≥ ρOkw(0)
ρD(0)
=
ρOk0 (w)
ρD(w)
. (3.9)
We aim to get a lower bound for ρOk0 (w)/ρD(w) independent of k. Note that the function
f : D→ D given by f(z) ..= zk is a universal covering map from the disc D to Ok0 . We can
compute the density of the induced metric in Ok0 using that ρD(z) = |f ′(z)|ρOk0 (f(z)) and
that the hyperbolic density on D is given by ρD(z) = 2/(1 − |z|2). Since f(z) = zk = u
implies zk−1 = u
k−1
k , we get that for each u ∈ D,
ρOk0 (u) =
2
k|u| k−1k (1− |u| 2k )
. (3.10)
Thus, if we make the change of variables x ..= 1/k, r ..= 1/w, we are aiming to find a lower
bound for
ρOk0 (w)
ρD(w)
=
1− w2
kw
k−1
k (1− w 2k )
=
x(1− r−2)r
rx − r−x , for all x ∈ (0, 1/2] and r > 1. (3.11)
Observe that for each fixed value of r, the expression above is strictly decreasing in x. This
can be seen by considering for each r > 1 the functions fr : (0, 1/2]→ R given by
fr(x) ..=
x
rx − r−x =
x
sinh(x log r)
=
s
log r sinh(s)
,
where we have made the change of variables s = x log r. Let h(s) ..= s/ sinh(s) and note
that h′(s) = (sinh(s) − s cosh(s))/ sinh2(s) is always negative as tanh(s) < s when s is
positive. Thus, the proper holds for f ′r(x) and so each function fr is strictly decreasing in
x. Thus, substituting in (3.11)
ρOk0 (w)
ρD(w)
≥ (1− r
−2)r
2(r1/2 − r−1/2) =
r−1/2(1 + r−1)
2
=
1 + w
2
√
w
> 1 for all w < 1. (3.12)
Thus, putting together equations (3.7), (3.9) and (3.12) we get that in any case,
ρO˜(z)
ρO(z)
≥ min
{
1− w2
2w| logw| ,
1 + w
2
√
w
}
=
1 + w
2
√
w
. (3.13)
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Finally, (3.3) is obtained recalling that the hyperbolic distance between 0 and any point
z ∈ D is given by log 1+|z|
1−|z| . In our case dD(0, w) = log
1+w
1−w = R, and so w =
eR−1
eR+1
.
Substituting accordingly in equations (3.6) and (3.13) the desired bounds are obtained. 
Continuity of orbifold metrics
The aim of this subsection is, roughly speaking, to show that given an orbifold with at
most M ramified points, whenever the ramified points are perturbed, the orbifold metric
of the new orbifold is a “continuous perturbation” of the metric of the original orbifold. In
particular, such perturbations can lead to several ramified points “collapsing” to a single
ramified point of higher ramification value. Our result on continuity of orbifold metrics
will contemplate such phenomena, see Theorem 3.12. Then, Theorem 1.6 will follow from
this one. We suspect that these results might have appeared before in the literature of
orbifolds, but since a reference has not been located, we present a proof using tools from
quasiconformal and quasiregular maps. We refer to [LV73, Ric93, Vuo88] for definitions.
We start by solving the following problem:
3.9 (Orbifold with prescribed degrees). Given a neighbourhood U of 0 in D, a natural
number k and a list L ..= {di}ki=1 of natural numbers greater than one, we construct an
orbifold OCL with signature L and such that its k ramified points lie in U . With that
purpose, choose a set C ..= {c1, . . . , ck} ⊂ D. In particular, C ⊂ D for some  ..= (C) < 1.
Let
d ..=
k∑
i=1
di − k + 1 (3.14)
Then, the map g : D→ C given by
g(z) ..= d
∫ k∏
i=1
(z − ci)di−1
is a monic polynomial of degree d such that deg(g, ci) = di for all i ≤ k. Let ϕd be the
Riemann map from g(D) to D, and define g˜ ..= ϕd ◦ g : D → D. Then g˜ is an orbifold
universal covering map for the orbifold OCL ..= (D, νCL), with
νCL(z) ..=
{
di if z = g˜(ci) for some 1 ≤ i ≤ k,
1 otherwise.
(3.15)
Note that if pd is the polynomial such that pd(z) = z
d, then
(C)→ 0 ⇐⇒ g˜(ci)→ 0 ∀i ⇐⇒ g˜(z)→ zd ∀z ∈ D, (3.16)
and so, given a neighbourhood U of 0 we can choose a set C such that {g˜(ci)}i ⊂ U .
In particular, when (C) → 0, the orbifold OCL converges to be the orbifold O{0}, where
O{0} = (D, ν{0}) has been defined such that ν{0}(0) = d and ν{0} ≡ 1 elsewhere.
We will make use of the following auxiliary result regarding interpolation of quasiconformal
maps in an annulus:
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Proposition 3.10 (Interpolation of quasiconformal maps on annuli). [Leh65][Rem09,
Proposition 2.11]. Let A,B ⊂ C be two bounded annuli, each bounded by two Jordan
curves. Suppose that ψ, ϕ : C → C are quasiconformal maps such that ψ maps the inner
boundary α− of A to the inner boundary β− of B, and ϕ takes the outer boundary α+
of A to the outer boundary β+ of B. Let z ∈ α− and w ∈ α+, let γ be a curve in A
connecting z and w, and let γ˜ be a curve connecting ψ(z) and ϕ(w) in B. Then there is
a quasiconformal map ϕ˜ : C → C that agrees with ψ on the bounded component of C \ A
and with ϕ on the unbounded component of C \ A, and such that ϕ˜(γ) is homotopic to γ˜
relative to ∂B.
Corollary 3.11. Let OCL be an orbifold constructed following 3.9. Then, there exists a
K-quasiregular map I : D → D such that I|D(C) ≡ g˜|D(C) and I|D\Dn(C)(z) ≡ zd|D\Dn(C) for
all n ∈ N large enough. In particular, I → pd and K → 1 as (C) → 0. Moreover, I is a
universal covering map for OCL.
Proof. Note that the map ψ : D(C) → D defined as ψ(z) ..= d
√
g˜(z), and the identity maps
on the annulus D \ Dn(C) for each n ∈ N, are quasiconformal maps. Let n be large enough
so that ψ(∂D(C)) b Dn(C). Then, applying Proposition 3.10 to the (topological) annulus
A with inner boundary ∂D(C) and outer boundary ∂Dn(C) and the annulus B being that
with boundaries ψ(∂D(C)) and ∂Dn(C), we obtain a quasiconformal map ϕ˜ : D → D such
that ϕ˜|D(C) ≡ ψ and ϕ˜|D\Dn(C)(z) = z. Define I : D → D as I(z) ..= (ϕ˜(z))d, which is a
quasiregular map as it is the composition of two quasiconformal maps. The the statement
follows using (3.16). 
In the following theorem we show that given a Jordan domain in the plane and a set of at
most J points coded in the J-dimensional vector w, all of them belonging to a compact
set A ⊂ U , then we can define an orbifold Ow such that the ramified points are exactly
the coordinates of w, and so that the ramification values are assigned in such a way that
whenever the vectorw is perturbed, the corresponding distance function dOw are perturbed
continuously. That is, taking into account the considerations in 3.9 and in particular (3.14).
We note that since Jordan domains are subsets of C, by Theorem 3.3, for any such vector
w, there exists a universal covering map from D to each Ow and so the distance function
dOw defined from the orbifold metric of Ow is well-defined.
Theorem 3.12 (Continuity of orbifold metrics under perturbations). Let A be a compact
subset of C and let U be a Jordan domain containing A. Fix two constants J,X ≥ 1. For
each w = (w1, . . . , wJ) ⊂ AJ , let
W (w) ..= {z ∈ A : z = wi for some i = 1, . . . , J},
and for each z ∈ A let N(z,w) ..= #{j ≤ J : wj = z}. Define the orbifold Ow ..= (U, νw),
where the ramification map νw is given by
νw(z)
..= N(z,w)X + 1. (3.17)
Then the function h : AJ+2 → R given by h(p, q, w1, . . . , wJ) = dOw(p, q) is continuous.
Proof. Since AJ+2 ⊂ CJ+2 for the function h the notions of continuity and sequential
continuity are equivalent. Thus, we will prove the theorem by showing that for a fixed
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but arbitrary x = (p, q, w1, . . . , wJ) ∈ AJ+2 that if {xk}k≥1 is a sequence of points in AJ+2
such that xk = (p
k, qk, wk1 , . . . , w
k
J)→ x as k →∞, then h(xk)→ h(x). Equivalently, for
each k ≥ 0, the last J coordinates of xk form a vector wk ..= (wk1 , . . . , wkJ) that defines an
orbifold Owk as described before. We will show that
dOwk (p
k, qk)→ dOw(p, q) as k →∞. (3.18)
Let us choose  > 0 small enough so that
⋂
w∈W (w)D(w) = ∅. Since by assumption xk →
x, there exists K > 0 such that W (wk) ⊂
⋃
w∈W (w)D(w) for all k ≥ K. Moreover, we can
assume without loss of generality that each connected component of pi−1(D(w))∩Crit(pi)
has at most one element for each w ∈ W (w), since otherwise we can choose a smaller
 so that this condition holds. In particular, for every such k and each w ∈ W (w),
D(w)∩W (wk) has at most N(w,w) elements, since that is the number of coordinates in
w that are equal to w, and hence there can be at most one element of W (wk) converging
to each of them. Let pi : D → Ow be a universal covering map, and analogously, for each
k ≥ K, choose pik : D→ Owk to be a universal covering map.
Claim. pik → pi as k →∞.
Proof of claim. Fix an arbitrary k ≥ K. For each w ∈ W (w), let ψw be the Riemann
map from D(w) to the unit disc such that ψw(w) = 0. Moreover, for each connected
component Vw of pi
−1(D(w)) that contains some point in pi−1(w) ∩ Crit(pi), we denote
by ϕVw the Riemann map to D such that ϕVw(pi−1(w)) = 0. In particular, if pνw is the
polynomial given by pνw(w)(z)
..= zνw(w), then the composition ψ−1w ◦ pνw(w) ◦ ϕVw : Vw →
D(w) ∩ Ow is a universal covering map, and so we can assume without loss of generality
that  and the map pi have been chosen so that pi|Vw ≡ (ψ−1w ◦pνw(w) ◦ϕVw)|Vw . Observe that
D(w) ∩W (wk) = {y1, . . . , yn} for some n ≤ N(w,w), and by the choice of K, it must
occur that
N(y1,wk) +N(y2,wk) + · · ·+N(yn,wk) = N(w,w).
Using this, we have that by definition of the ramification maps νwk and νw,
n∑
i=1
νwk(yi)−n+ 1 =
n∑
i=1
XN(yi,wk) +n−n+ 1 = X
n∑
i=1
N(yi,wk) + 1 = νw(w). (3.19)
Given the list of natural numbers L ..= {N(yi,wk)}ni=1, following 3.9, we can find a set
C ⊂ D of n points in D such that g˜(C) = ψw({y1, . . . , yn}), where g˜ is a covering map for
the orbifold OLC defined as in (3.15) such that νCL(ψw(yi)) = N(yi,wk) for each 1 ≤ i ≤ n.
In particular, the composition ψ−1w ◦ g˜ ◦ ϕVw : Vw → D(w) ∩ Owk is a universal covering
map, and thus we might assume without loss of generality that  and the map pik have been
chosen such that pik|Vw ≡ (ψ−1w ◦ g˜ ◦ ϕVw)|Vw . Let I ..= IVw : D → D be the interpolation
map from Corollary 3.11 such that I|D(C) ≡ g˜|D(C) and I|D\Dn(C) ≡ pνw(w)|D\Dn(C) for some
n ∈ N large enough. Then, define the quasiregular map Ψk : D→ OW (wk) as
Ψk(z) ..=
ψ−1w ◦ IVw ◦ ϕVw(z) if z is in some Vw ⊂ pi−1(D(w)) for some w ∈ W (w),pi(z) otherwise.
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Figure 3. Proof of the claim pik → pi by interpolating in neighbourhoods
of the points in W (w).
The map Ψk is continuous by our assumption of pi|Vw ≡ (ψ−1w ◦ pνw(w) ◦ ϕVw)|Vw for all com-
ponents Vw ⊂ pi−1(D(w)) of each w ∈ W (w). Moreover, Ψk is quasiregular with dilatation
equal to the maximal of the dilatations of the maps IVw . Then, by Stoilow’s Theorem,
there exists a quasiconformal map θk : D→ D such that Ψk = θk ◦ pik.
The claim will follow if we show that Ψk → pi and Ψk → pik as k → ∞. In order to
do so, for any collection of #W (w) natural numbers N ..= {n1, . . . , n#W (w)} such that
1 ≤ ni ≤ N(wi) for each 1 ≤ i ≤ #W (w), let us consider the subsequence {wk(N )} ⊂ {wk}
such that #(D(wi)∩W (wk(N ))) = ni for each wi ∈ W (w). Then, by (3.19), we can apply
Corollary 3.11 and get that Ψk(N ) → pi and the dilatation of Ψk(N ) tends to 0 as k → ∞.
Then, by the Measurable Riemann Mapping Theorem, the dilatation of the corresponding
quasiconformal map θk(N ) tends to 1 as k → ∞, and so, it also holds that Ψk(N ) → pik as
k →∞. Since every element in {wk}k is included in a subsequence of the type described
for some set N , and there are only finitely many of this kind, it follows that for all
subsequences in {wk}k such that the corresponding subsequence of quasiregular maps Ψk
is convergent, they do it to the same limit. Thus, since AJ is a compact metric space, the
claim follows. 4
After we have shown convergence of the maps pik to pi in the claim above, in order to
conclude the proof, let us choose δ small enough so that there exist respective connected
components Vp and Vq of pi
−1(Dδ(p)) and pi−1(Dδ(q)) containing a single preimage of p or
q. That is, pi−1(p) ∩ Vp =.. {p˜} and pi−1(q) ∩ Vq =.. {q˜}. For each k ≥ K let us consider
the holomorphic functions pipk : Vp → U and piqk : Vq → U given by pipk(z) ..= pik(z) − p
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and piqk(z)
..= pik(z) − q. By the previous claim, the sequences {pipk}k and {piqk}k converge
uniformly in compact subsets to the functions pip|Vp−p and pi
q
|Vp−q, which have respectively
unique zeros at p and q. Then, by Hurwitz’s theorem, for k large enough there exist points
{p˜k} ..= pi−1k (p) ∩ Vp ∩ Dδ1(p˜) and {q˜k} ..= pi−1k (q) ∩ Vq ∩ Dδ1(q˜) for some δ1 small enough.
In addition, p˜k → p˜ and q˜k → q˜ as k → ∞. Since by assumption pk → p and qk → q, by
the same argument there exist points Pk ..= pi
−1
k (pk)∩ Vp and Qk ..= pi−1k (qk)∩ Vq such that
Pk → p˜k and Qk → q˜k. Thus, dD(Pk, Qk) → dD(p˜0, q˜0) as k → ∞, which is equivalent to
(3.18), and so continuity of the map h follows, as we wanted to prove. 
Now Theorem 1.6 becomes a consequence of the preceding one together with Proposition
3.8. We restate it here for ease on exposition.
Theorem 1.6. Fix A ⊂ C compact and let U be a Jordan domain containing A. Then,
for every pair of natural numbers c and M , there exists a constant R ..= R(U,A, c,M) > 0
such that for every orbifold O with underlying surface U and at most M ramified points,
each with ramification value smaller or equal to c, it holds that
dO(p, q) < R for every p, q ∈ A.
Proof. Let us choose any domain V such that A b V b U . For each J = 1, . . . ,M , we
apply Theorem 3.12 to the compact set V with parameters X = (c! − 1) and J . Since
the function h : V
J+2 → R of the statement of the theorem is continuous and defined
on a compact set, there exists a constant RJ such that dOw(p, q) < RJ for all p, q ∈ V
and orbifolds Ow = (U, νOw) with w ∈ V J . Note that in particular, by the definition of
the orbifolds Ow, all those with exactly J ramified points with ramification degree c! are
considered. This means that if R˜ ..= maxJ≤M RJ and Oˆ ..= (U, νˆ) is any orbifold with at
most M ramified points, all lying in V and each of them with ramification value at most
c, then since their ramification values divide c!, by Theorem 3.5
dOˆ(p, q) < R˜ for all p, q ∈ V ⊃ A. (3.20)
Let O ..= (U, ν) be any orbifold satisfying the hypothesis of the statement and define
the orbifold Oˆ ..= (U, νˆ), where νˆ ≡ ν|V in V and νˆ ≡ 1 in U \ V . In particular, Oˆ
satisfies the conditions of those orbifolds for which (3.20) holds, and thus, for any p, q ∈ V ,
dOˆ(p, q) < R˜. Let W
..= {z ∈ U : dOˆ(A, z) < R˜} and define the orbifold O˜ ..= (W, ν|W ),
with ν|W being the restriction of ν to W . Observe that V ⊂ W and that the inclusions
O˜ ↪→ O and O˜ ↪→ Oˆ are holomorphic. In particular, by the definition of W , if γ is a
geodesic in the metric of Oˆ joining two points p, q ∈ A, then γ must be totally contained
in W , and hence in O˜. Moreover, by Proposition 3.8 applied to O˜ ↪→ Oˆ, we have that for
all unramified z ∈ O˜, (ρO˜(z)/ρOˆ(z)) < 1 + 2eR˜−1 =.. K. Thus, if γ is a geodesic in Oˆ joining
two points p, q ∈ A, then
dOˆ(p, q) =
∫
|γ′(t)|ρOˆ(γ(t))dt ≥
1
K
∫
|γ′(t)|ρO˜(γ(t))dt ≥
1
K
dO˜(p, q).
By this and by Theorem 3.5, for all p, q ∈ A
dO(p, q) ≤ dO˜(p, q) ≤ KdOˆ(p, q) ≤ K · R˜ =.. R.
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Since the constant K does not depend on the domain W chosen but only on R˜, the
statement follows. 
4. Uniform expansion for strongly postcritically separated functions
This section is devoted to the proof of Theorem 1.1: for each strongly postcritically sep-
arated function f ∈ B, we define a pair of hyperbolic orbifolds (O˜,O) such that their
underlying surfaces contain J(f) and so that f : O˜ → O is an orbifold covering map.
In order to construct these orbifolds, we have followed Mihaljevic-Brandt’s strategy when
doing the proper for strongly subhyperbolic transcendental maps. Compare [MB12, Propo-
sitions 3.2 and 3.4]. The underlying idea is the same as that in Douady and Hubbard’s
work for subhyperbolic rational maps [DH84, page 22], and in particular defines for each
postsingular point in the Julia set its ramification value as the least common multiple of
the local degrees of points on its n-th preimage for all n ≥ 0. This allows to define O˜
so that f is an orbifold covering map. Unlike in the polynomial case, both for strongly
subhyperbolic and postcritically separated maps, more ramified points in O are needed in
order to guarantee expansion, i.e, to guarantee that the set BOO˜ from Definition 3.7 has
“enough points”. Thus, the set of ramified points of O will consist of P (f) together with
a repelling periodic cycle:
Definition and Proposition 4.1 (Dynamically associated orbifolds). Let f be a strongly
postcritically separated map. Then there exist orbifolds O ..= (S, ν) and O˜ ..= (S˜, ν˜) with
the following properties:
(a) S = C \ J , where J is a finite union of bounded Jordan domains, S˜ ⊆ S and
∂S ∩ ∂S˜ = ∅.
(b) The set of ramified points of O equals PJ ∪ B, where B is a periodic cycle in
J(f) \ PJ .
(c) J(f) ⊂ S ∩ S˜ and PF ∩ S = ∅.
(d) O and O˜ are hyperbolic orbifolds.
(e) f : O˜ → O is an orbifold covering map and the inclusion O˜ ↪→ O is holomorphic.
(f) There exists p ∈ S \ PJ such that #
(
f−1(p) ∩ S˜
)
is infinite and
#
({z ∈ f−1(p) : ν˜(z) ≤ ν(z)}) <∞.
We say that a pair (O˜,O) of Riemann orbifolds is dynamically associated to f if O˜ and
O satisfy (a)-(f).
Proof. If F (f) = ∅, then we define J ..= ∅ and S ..= C. Otherwise, by Lemma 2.4, PF
is contained in a finite union of attracting basins, and so by Proposition 2.5 we can find
bounded Jordan domains J1, . . . , Jn such that J ..= ∪ni=1Ji satisfies PF ∪ f(J) b J b F (f).
We define S ..= C \ J . In particular, S is connected and J(f) ⊂ S. We claim that there
exists at least a periodic cycle, that we denote by B, contained in J(f) \ PJ . This is
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because PJ is discrete, together with the facts that since f is an entire transcendental
function, J(f) must contain non-degenerate continua ([Bak75]), and in addition J(f) can
be characterized as the closure of repelling periodic points ([Ber93, Theorem 4]). We define
the map ν : S → N+ as
ν(z) ..=
lcm{deg(fm, w), where fm(w) = z for some m ≥ 1} for z /∈ B,2 for z ∈ B. (4.1)
Note that no critical point of S belongs to a periodic cycle, since all of that kind lie in J .
By this, assumption (b) on Definition 2.3, and expanding the definition of local degree for
an iterate of f , there exists a constant C such that for any point w ∈ S \B and m ≥ 1,
deg(fm, w) =
m∏
j=1
deg(f, f j(w)) ≤ C, (4.2)
and so, ν(z) ≤ lcm{1, 2, . . . , C} for all z ∈ S. Moreover, (4.1) implies that ν(z) > 1 if and
only if z belongs to PJ ∪ B. Hence, since f is postcritically separated, PJ is discrete, and
thus O ..= (S, ν) is a Riemann orbifold. In particular, by construction item (b) follows.
The orbifold O is hyperbolic: if S 6= C, then this follows from Theorem 3.3. If on the
contrary S = C, by [McM94, Theorem A2], the only orbifolds such that S = C are either
hyperbolic, or they are parabolic with signature (n) or (2, 2). It is shown in [MB12, Proof of
Proposition 3.2] that for any n ≥ 2, each orbifold with underlying surface C and signature
(n) must contain an asymptotic value in S; in addition the orbifold with surface C and
signature (2, 2) can only occur for polynomials. These two cases lead to contradictions
with our construction of S such that AV(f) ∩ S = ∅, and our assumptions on f being
postcritically separated. Thus, O must be hyperbolic. By definition of the map ν, for
every z ∈ f−1(S), deg(f, z) divides ν(f(z)), and thus we can define
S˜ ..= f−1(S) and ν˜(z) : S˜ → N+ with ν˜(z) ..= ν(f(z))
deg(f, z)
. (4.3)
Since the set of ramified points of O is discrete, one can see, using for example the Identity
Theorem, that the set of points z ∈ S˜ such that ν˜(z) > 1 is also discrete. Thus, O˜ ..= (S˜, ν˜)
is an orbifold. By construction AV(f) ∩ S = ∅, and so the map f : S˜ → S is a branched
covering. Furthermore, for all z ∈ S˜, deg(f, z) · ν˜(z) = ν(f(z)), and hence f : O˜ → O is
an orbifold covering map.
Observe that whenever the set J 6= ∅, by definition, f(J) b J and thus S˜ b S, and so
(a) follows. Moreover, since J(f) is a totally invariant set, J(f) ⊂ S˜ ∩ S, as stated in
(c). Let z ∈ S˜. The definition of ν together with equation (4.2) imply that ν(z) · deg(f, z)
divides ν(f(z)). In turn, by equation (4.3) ν(f(z)) = ν˜(z) · deg(f, z). Hence ν(z) divides
ν˜(z) and this proves that the inclusion O˜ ↪→ O is a holomorphic map, proving statement
(e). Since in addition O is hyperbolic, by Theorem 3.3 each connected component of O˜
must be hyperbolic, and so O˜ is a hyperbolic orbifold. Thus statement (d) follows. We
are only left to show item (f). With that purpose, choose any p ∈ B. In particular p ∈ S,
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and so f−1(p) ⊂ S˜. Moreover, since AV(f) ∩ J(f) = ∅, #(f−1(p)) is infinite, and for all
z ∈ f−1(p) \ B, ν˜(z) = 2 and ν(z) = 1, because p ∈ B ⊂ J(f) \ PJ and so deg(f, z) = 1
for all z ∈ Orb−(p). Consequently, (f) follows and the proof is concluded. 
Note that condition (f) in the previous proposition implies that for any pair (O˜,O) of
orbifolds associated to f , the inclusion O˜ ↪→ O is not an orbifold covering map, and hence
their relative boundary set BOO˜ is non-empty. The next proposition tells us that when in
addition f ∈ B, the set BOO˜ contains a sequence of points converging to infinity:
Proposition 4.2 (Unbounded sequence in BOO˜). Let f ∈ B be strongly postcritically sepa-
rated and let (O˜,O) be a pair of dynamically associated orbifolds for f . Then there exist
a constant N > 1 and an infinite sequence of points {zi}i≥0 ⊂ BOO˜ such that |zi| < |zi+1| ≤
N |zi| for all i ≥ 0.
Proof. Let O = (S, ν) and let p ∈ S \ S(f) be the point in Proposition 4.1 for which
#{z ∈ f−1(p) : ν˜(z) ≤ ν(z)} < ∞. That is, all but finitely preimages of p belong to BOO˜ .
Since f ∈ B, we can find a Jordan domain D such that S(f) ⊂ D and p ∈ C \ D. Since
p is non-exceptional, each connected component of f−1(C \D) (known as tract) contains
infinitely many preimages of p. See for example [PS19b, Section 2] for more details on this
construction. If {zi}i≥0 is the set of preimages of p in one of those connected components,
it follows from estimates on the hyperbolic metric on simply connected domains that there
exists a constant N ′ > 1 such that |zi| < |zi+1| ≤ N ′|zi| for all i. For details on this
argument see [Rem09, Proof of Lemma 5.1] or [MB10, Proof of Proposition 3.4]. Hence,
since all but finitely many points of {zi}i must belong to BOO˜ , the statement follows. 
Note that for any pair (O˜,O) of orbifolds associated to f , since f is an orbifold cover-
ing map between them, by Theorem 3.5, its holds that ‖Df(z)‖O = ρO˜(z)/ρO(z) for all
unramified z ∈ O˜. Hence, we aim to prove Theorem 1.1 for any such pair of associated
orbifolds showing that the relative orbifold densities are uniformly bounded from below. In
particular, we will combine Proposition 3.8 with the following consequence of the previous
proposition together with Theorem 1.6 and the uniform bound for strongly postcritically
separated on the number of points in PJ that annuli can contain:
Lemma 4.3 (Distances within annuli are uniformly bounded). Suppose that f is a strongly
postcritically separated function with parameters (c,K,M) and let O = (S, ν) and O˜ =
(S˜, ν˜) be a pair of orbifolds dynamically associated to f . Then, there exists a constant
R > 0 such that if p, q ∈ A(t,Kt) ⊂ A(t/K, tK2) ⊂ S for some t > 0, then dO(p, q) ≤ R.
If in addition f ∈ B, then for all z ∈ O˜,
dO(z,BOO˜) ≤ R.
Proof. By Proposition 4.1, the set of ramified points of O equals PJ ∪ B, where B is a
periodic cycle in J(f)\PJ . Thus, since f is strongly postcritically separated, by Definition
2.3(b), for each r > 0 such that A(r,Kr) ⊂ O, the annulus A(r,Kr) contains at most
M˜ ..= M + #B ramified points of O. Let us fix an arbitrary r > 0 such that Ar ..=
A(r/K,K2r) ⊂ S. Without loss of generality we might assume that r = 1, since otherwise
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the same argument applies scaling by r. Then, by Theorem 1.6 applied to the domain
A(1/K,K2), the compact set A(1, K) and the parameters 3M˜ and c, we conclude that
there exists a constant R1 such that
dOˆ(p, q) < R1 for all p, q ∈ A(1, K) and all Oˆ ..= (A(1/K,K2), ν), (4.4)
where ν is any ramification map that takes values smaller or equal to c, and is different
from 1 for at most 3M˜ points. We shall now see how from (4.4) we can get the same bound
on the distance between two points for belonging to a same annulus as in the statement:
for each t > 0 such that At ..= A(t/K,K
2t) ⊂ S, define the orbifolds Ot ..= (At, ν|At) and
Ot1 ..= (A1, νt1), where νt1(z) ..= ν|At(tz), and note that equation (4.4) applies to Ot1. Then,
the map ϕt : Ot1 → Ot given by ϕt(z) = tz is an orbifold covering map, and since Ot ↪→ O,
by Theorem 3.5 and (4.4),
dO(p, q) ≤ dOt(p, q) ≤ dOt1(ϕ−1t (p), ϕ−1t (q)) < R1
for every p, q ∈ A(t,Kt), and the first statement of the lemma is proven.
In order to prove the second part of the lemma, if f ∈ B, let {zi}i≥0 ⊂ BOO˜ be the
infinite sequence of points from Proposition 4.2 for which there exists N < ∞ such that
|zi| < |zi+1| ≤ N |zi| holds for all i ≥ 0. Recall that by Proposition 4.1, S is the complement
of a finite union of bounded Jordan domains, and S˜ ⊆ S. Fix an arbitrary r > 0 such that
Ar ..= A(r/K,K
2r) ⊂ S and so that the unbounded connected component of C \ Ar is a
subset of S. Let I ..= min{i : |zi| > r} and let J ..=
⌈
logN
logK
⌉
. Then, for each i ≥ I,
zi+1 ∈ Ai+1 ..= A(|zi|, N |zi|) =
J⋃
j=1
A (Kj−1|zi|, Kj|zi|),
and hence, for any z ∈ Ai+1 ⊂ S, using the first part of the lemma, dO(z,BOO˜) ≤ J ·R1 =.. R2.
Since the constant J is independent of the index i, we can conclude that
dO(BOO˜ , z) < R2 for all z ∈
⋃
i>I
Ai = C \ D|zI |. (4.5)
If S˜ ⊂ C \D|zI |, we are done. Otherwise, note that by Proposition 4.1, ∂S ∩∂S˜ = ∅ and so
if we consider the compact set K ..= cl(D|zI | ∩ S˜) and any domain U such that K ⊂ U ⊂ S,
then OU ..= (U, ν|U) ↪→ O holomorphically. Thus, if N is the number of ramified points of
OU , by Theorem 3.5 and Theorem 1.6 applied to U,K and the parameters c and N , there
exists a constant R3 > 0 such that
dO(z,BOO˜) ≤ dOU (z,BOO˜) ≤ dOU (z, zI) < R3 for all z ∈ U ⊃ cl(D|zI | ∩ S˜).
By this together with (4.5) the lemma follows letting R ..= max{R1, R2, R3}. 
Finally, we have developed all the tools to prove our main result.
Proof of Theorem 1.1. Let f ∈ B strongly postcritically separated. By Proposition 4.1,
there exist a pair of orbifolds O ..= (S, ν) and O˜ ..= (S˜, ν˜) such that J(f) ⊂ S ∩ S˜ and
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f : O˜ → O. Hence, by Theorem 3.5,
‖Df(z)‖O = |f
′
(z)|ρO(f(z))
ρO(z)
=
ρO˜(z)
ρO(z)
. (4.6)
Moreover, by Lemma 4.3, there exists a constant R such that dO(BOO˜ , z) < R for all z ∈ O˜.
Thus, by Proposition 3.8, for all unramified z ∈ O˜, ‖Df(z)‖O ≥ (eR /
√
e2R−1) =.. Λ > 1,
as we wanted to show. 
As a consequence of Theorem 1.1, we obtain the following corollary that relates the orbifold
length of bounded curves to that of its successive images.
Corollary 4.4. Let f ∈ B be a strongly postcritically separated map, and let (O˜,O) be a
pair of dynamically associated orbifolds. Then, for any curve γ0 ⊂ O, for all k ≥ 1 and
each curve γk ∈ f−k(γ0) such that fk|γk is an orbifold covering map,
`O(γk) ≤ `O(γ0)
Λk
for some constant Λ > 1.
Proof. By Theorem 1.1 and Theorem 3.5 there exists a constant Λ such that for all un-
ramified z ∈ O˜,
‖Df(z)‖O = |f
′
(z)|ρO(f(z))
ρO(z)
=
ρO˜(z)
ρO(z)
≥ Λ > 1. (4.7)
We proceed by induction on k. Suppose k = 1 and let us parametrize the curves γ0 and γ1
such that f(γ1(t)) = γ0(t) for all t ≥ 0. Then, by (4.7), ρO˜(γ1(t)) = |f
′
(γ1(t))| · ρO(γ0(t))
for all t ≥ 0. Therefore, using (4.7)
`O(γ1) =
∫
|γ′1(t)|ρO(γ1(t))dt =
∫
|γ′1(t)|
ρO(γ1(t))
ρO˜(γ1(t))
ρO˜(γ1(t))dt
≤ 1
Λ
∫
|γ′1(t)||f
′
(γ1(t))|ρO(γ0(t))dt = 1
Λ
∫
|γ′0(t)|ρO(γ0(t))|dt ≤
`(γ0)
Λ
.
Let us suppose that the statement is true for some k−1. Then, if γk ∈ f−k(γ0), f(γk) = γk−1
for some curve γk−1 ∈ f−k+1(γ0). By the same argument as before and using the inductive
hypothesis,
`O(γk) ≤ 1
Λ
∫
|γ′k−1(t)|ρO(γk−1(t))|dt =
1
Λ
`(γk−1) ≤ `(γ0)
Λk
.

5. Results on the topology of Fatou components and Julia sets
In this section we provide the proofs of Theorem 1.2 and Corollaries 1.3 and 1.4. Since the
arguments in [BFRG15] rely mostly in expansion for hyperbolic maps, using Theorem 1.1,
we are able to adapt them smoothly for our class of maps. We start by borrowing some
auxiliary results from [BFRG15] concerning the mapping behaviour of entire functions on
preimages of simply-connected domains.
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Lemma 5.1 (Coverings of doubly-connected domains [BFRG15, Lemma 2.7]). Let A,B ⊂
C be domains and let f : B → A be a covering map. Suppose that A is doubly-connected.
Then either B is doubly-connected and f is a proper mapping, or B is simply-connected
(and f is a universal cover, of infinite degree).
Proposition 5.2 (Mapping of simply-connected sets [BFRG15, Proposition 2.8]). Let f
be an entire function, let D ⊂ C be a simply-connected domain, and let D˜ be a component
of f−1(D). Then either
(1) f : D˜ → D is a proper map (and hence has finite degree), or
(2) f−1(w) ∩ D˜ is infinite for every w ∈ D, with at most one exception.
In case (2), either D˜ contains an asymptotic curve corresponding to an asymptotic value
in D, or D˜ contains infinitely many critical points.
Proposition 5.3 (Preimages of sets with non-singular boundary [BFRG15, Proposition
2.9]). Let f , D and D˜ be as in Proposition 5.2, and assume additionally that D ∩ S(f) is
compact.
(1) If #D ∩ S(f) ≤ 1, then D˜ contains at most one critical point of f .
(2) In case (1) of Proposition 5.2, if D is a bounded Jordan domain such that ∂D ∩
S(f) = ∅, then D˜ is also a bounded Jordan domain.
(3) In case (2) of Proposition 5.2, the point ∞ is accessible from D˜.
In addition, we will make use of the following result in order to show that the boundaries
of Fatou components are locally connected.
Theorem 5.4 (Boundaries of periodic Fatou components). [BFRG15, Theorem 2.6] Let f
be a transcendental entire function, and suppose that U is an unbounded periodic component
of F (f) such that fn|U does not tend to infinity. Then Ĉ \ U is not locally connected at
any finite point of ∂U .
The proof of Theorem 1.2 will be a consequence of showing that whenever condition (b) on
the statement holds, then every periodic Fatou component is bounded. We achieve so in
the following theorem, that in particular applies to a class of maps more general than those
in [BFRG15, Theorem 1.10], but such theorem has the stronger conclusion that periodic
Fatou components are quasidiscs.
Theorem 5.5 (Immediate basins of strongly postctritically separated maps). Let f ∈ B
be a strongly postritically separated function and let D be a periodic Fatou component of
f , say of period p ≥ 1. Then the following are equivalent:
(1) D is a Jordan domain;
(2) Ĉ \D is locally connected at some finite point of ∂D;
(3) D is bounded;
(4) D does not contain a curve to infinity;
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(5) the orbit of D contains no asymptotic curves and only finitely many critical points;
(6) fp : D → D is a proper map;
(7) for at least two distinct choices of z ∈ D, the set f−p(z) ∩D is finite.
Proof. Let f ∈ B be strongly postcritically separated, and let D be an immediate attract-
ing basin of f , say of period p. In particular, D is simply-connected ([Bak75]). By passing
to an iterate, we may assume without loss of generality that p = 1. Since the comple-
ment of a Jordan domain is locally connected at every point, (1)⇒(2) is immediate. By
Theorem 5.4, (2) implies (3). If D is bounded, then D cannot contain a curve to ∞, and
hence (3)⇒(4). Since f is postcritically separated and D ⊂ F (f), P (f) ∩ D is compact.
Thus, by Proposition 5.3 (3), if infinity is not accessible in D, then item (1) must occur
in Proposition 5.2. This in turn implies that D contains only finitely many critical points
and no asymptotic values, and, again by Proposition 5.2, f : D → D must be a proper
map. Thus, (4)⇒(5)⇒(6). Since any proper map has finite degree, we have (6)⇒(7).
We are left to show that (7)⇒(1). With that aim, suppose that (7) holds for f . Recall that
by Proposition 2.5, there exists a bounded Jordan domain U0 b D such that f(U0) ⊂ U0
and P (f) ∩D ⊂ U0. For each n ≥ 1, let
Un ..= f
−n(U0) ∩D,
and note that by the property f(U0) ⊂ U0, one can see using induction that for all n ≥ 0,
Dn+1 b Dn, and moreover D =
⋃
n Un. By assumption, Proposition 5.2 (1) must hold for
f and hence f : D → D is a proper map of some degree d ≥ 1. Moreover, by definition of
U0, for each n ≥ 1 fn : D \Un → A ..= D \U0 is a finite-degree covering map (of degree dn)
over the doubly-connected domain A. By Lemma 5.1, the domain D \ Un is also doubly-
connected, and hence Un is connected for all n. Furthermore, it follows from Proposition
5.3 (2) applied to Un and U0, that each Un is a Jordan domain. Hence f : ∂Un+1 → ∂Un
is topologically a d-fold covering over a circle for every n ≥ 0. We borrow the following
claim from [BFRG15, Proof of Theorem 1.10]:
Claim. There exists a diffeomorphism ϕ : {z ∈ C : 1/e < |z| < 1} → D \ U0 such that
f(ϕ(z)) = ϕ(zd) whenever e−1/d < |z| < 1. (5.1)
Our next and final goal is to extend the the function ϕ to ∂D. With that aim, for each
θ ∈ R and n ≥ 0, consider the curve
γn,θ ..= ϕ({ea+iθ : − d−n ≤ a ≤ −d−(n+1)}),
that in particular is a curve joining ∂Un and ∂Un+1. Moreover, by the commutative relation
in (5.1), γn,θ is the image of the arc γ0,θ·dn under some branch of f−n.
Let O˜ ..= (S˜, ν˜) and O ..= (S, ν) be a pair of orbifolds dynamically associated to f . In
particular, by Proposition 4.1(a), the underlying surface S of O can be chosen so that
D \ U0 b D ∩ S. Note that for each θ˜ ∈ R, the curve γ0,θ˜ is contained in the compact set
U1 \ U0. Since D \U0 ⊂ F (f)\P (f), by Proposition 4.1(b), there are no ramified points of
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O in U1 \ U0. Thus, the orbifold metric ρO attains a maximum value in U1 \ U0, and since
the Euclidean length of the curves γ0,θ˜ must be finite as they are the image under ϕ of a
straight line, there exists a constant L > 0 such that
max
θ˜
`O(γ0,θ˜) < L.
Moreover, for all n ≥ 0 and θ ∈ R, the curve γn,θ ⊂ D \ U0 ⊂ S, and hence we can apply
Corollary 4.4 to get that there exists a constant Λ > 1 such that
`O(γn,θ) ≤ `O(γ0,θ·dn)
Λn
≤ maxθ˜ `O(γ0,θ˜)
Λn
≤ L
Λn
.
Note that the bound above is independent of the parameter θ chosen. Thus, if for each
n ≥ 0 we define the function
σn : R/Z→ D σn(t) = ϕ
(
e−d
−n+2piit
)
∈ ∂Un,
then {σn} is a Cauchy sequence in orbifold metric of O. Consequently, there exists a limit
function σ which is the continuous extension of ϕ to the unit circle. It follows that ∂D is
indeed a continuous closed curve. By the maximum principle, ∂D = ∂D and C \D has no
bounded connected components. Hence ∂D is a Jordan curve. 
Using the preceding theorem, we are now ready to provide the proofs of the remaining
results from the introduction.
Proof of Theorem 1.2. Let f ∈ B be strongly postcritically separated. We start proving
that (a) implies (b) by showing the contrapositive. Note that by definition of our class
of maps, all asymptotic values of f must lie in F (f), and hence if AV(f) 6= ∅, then F (f)
has an unbounded component by definition of asymptotic value. Moreover, if some Fatou
component U contains infinitely many critical points, since these are the zeros of the
analytic function f ′, they can only accumulate at infinity and therefore U is unbounded.
To prove the other direction, that is, (b) implies (a), we note that by Lemma 2.4, all
Fatou components of f are (pre)periodic. If (b) holds for f , that is, AV(f) = ∅ and
each Fatou component contains at most finitely many critical points, then by Theorem
5.5 ((5) ⇐⇒ (1)), every periodic Fatou component is a bounded Jordan domain. To
see that also strictly preperiodic Fatou components are bounded Jordan domains, if V is
any preimage of a periodic Fatou component U , then by Proposition 5.2 and item (2) of
Proposition 5.3, f : V → U is a proper map, and since U is a bounded Jordan domain, so
is V . Proceeding by induction on the pre-period of V , the claim follows. 
In order to prove Corollary 1.3, we additionally make use of a result from [BM02], where
the concept of semihyperbolic entire maps is introduced: an entire function is said to
be semihyperbolic at a point a if there exist r > 0 and N ∈ N such that for all n ∈
N and for all components U of f−n(Dr(a)) = {z ∈ C : fn(z) ∈ Dr(a)}, the function
fn|U : U → Dr(a) is a proper map of degree at most N . A function f is said to be
semihyperbolic if f is semihyperbolic at all a ∈ J(f). Recall that by Definition 2.3(b),
if f is strongly postcritically separated, there exists a constant C > 0 such that for all
z ∈ J(f), #(Orb+(z)∩Crit(f)) ≤ C. Since in addition P (f)∩J(f) is discrete, all strongly
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postcritically separated maps are semihyperbolic. Thus, the following theorem is a version
of [BM02, Theorem 4] for our class of maps. In particular, this theorem will tell us that if
Fatou components are Jordan domains, we can already conclude local connectivity of their
Julia set in certain cases.
Theorem 5.6 (Bounded components and bounded degree imply local connectivity). Let
f ∈ B be strongly postcritically separated with no asymptotic values. Suppose that every
immediate attracting basin of f is a Jordan domain. If there is N such that the degree of
the restriction of f to any Fatou component is bounded by N , then J(f) is locally connected.
Remark. We note that [BFRG15, Theorem 2.5] is a version of Theorem 5.6 for hyperbolic
maps whose proof is based on expansion for hyperbolic maps in a neighbourhood of their
Julia set. Hence and alternatively,we could have presented an analogous proof for functions
in B that are strongly postcritically separated using expansion in an orbifold metric as we
did in the proof of Theorem 5.5.
Proof of Corollary 1.3. Let f ∈ B be strongly postcritically separated with no asymptotic
values, let N ∈ N and suppose that every Fatou component U of f contains at most
N critical points, counting multiplicity. Then hypothesis (b) in Theorem 1.2 holds for
f , and consequently every Fatou component U is a bounded Jordan domain. Moreover,
by Proposition 5.2, the restriction f |U : U → f(U) is a proper map. Since in addition
all Fatou components are simply-connected, the Riemann-Hurwitz formula, see [Mil11,
Theorem 7.1], tells us that the degree of f |U is bounded by N + 1. Consequently, local
connectivity of J(f) follows from Theorem 5.6. 
Proof of Corollary 1.4. Let f be strongly postcritically separated with no asymptotic val-
ues, and assume that every Fatou component contains at most one critical value. Then, by
Proposition 5.3 (1), each Fatou component also contains at most one critical point. Hence,
by Theorem 1.2 every Fatou component is bounded. Since by hypothesis the multiplicity
of the critical points is uniformly bounded, local connectivity of J(f) is a consequence of
Corollary 1.3. 
6. Pullbacks and post-homotopy classes
Given an entire function f and two simple curves γ, β ⊂ f(C)\P (f) homotopic relative to
their endpoints, by the homotopy lifting property, for each curve in f−1(γ) there exists a
curve in f−1(β) homotopic to it relative to their endpoints (see details below). In Propo-
sition 6.5 we get an analogue of this result for a class of curves that contain postsingular
points using a modified notion of homotopies. Moreover, in this section we also show that
if f is an entire function that has dynamic rays (see Definition 6.8), and K is certain
subdomain of any hyperbolic orbifold, there exists a constant µ such that for every piece
of dynamic ray contained in K, we can find a curve in its “modified-homotopy” class with
orbifold length at most µ. See Corollary 6.9. In particular, this result is crucial in the
proof of the main theorem in [PS19b].
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For completeness and in order to fix notation, we include some definitions regarding ho-
motopies and covering spaces theory that we require, and we refer the reader to [Hat02,
Chapter 1] or [Mun00, Chapter 9] for an introduction to these topics.
In this section, by a curve in a space X we mean a continuous map γ : I → X with
I = [0, 1], and thus its image is bounded. With slight abuse of notation, we also refer by
γ to its image γ(I), and we denote by int(γ) the subcurve obtained from γ by removing
its endpoints. A homotopy of curves in X is a family {γt : I → X}t∈[0,1] for which the
associated map γ : I × I → X given by γ(s, t) ..= γt(s) is continuous. Two curves α and
β are said to be homotopic in X when there exist a homotopy {γt}t∈[0,1] in X such that
γ0 ≡ α and γ1 ≡ β. Being homotopic is an equivalence relation on the set of all curves in
X. Given a covering space f : X˜ → X, a lift of a map g : Y → X is a map g˜ : Y → X˜
such that f ◦ g˜ = g. The main result that serve our purposes is the following:
Proposition 6.1 (Homotopy lifting property). Given a covering space f : X˜ → X, a
homotopy {γt : Y → X}t∈[0,1], and a map γ˜0 : Y → X˜ lifting γ0, there exists a unique
homotopy {γ˜t : Y → X˜}t∈[0,1] of γ˜0 that lifts γt.
Proof. See [Hat02, Proposition 1.30] for the proof of the statement whenever the homo-
topies have fixed endpoints, and [GH81, (5.3) Covering Homotopy Theorem] or [Hat02,
Section 4.2] for the general case. 
Recall that for an entire function f , its singular set S(f) is the smallest set for which
f : C \ f−1(S(f)) → C \ S(f) is a covering map, and regarding the iterates of f one can
see from the definitions of critical and asymptotic values that the following inclusion holds
(see for example [PS19a] for a proof):
Proposition 6.2. If f is an entire function, then for any k ≥ 1,
S(fk) =
k−1⋃
j=0
f j(S(f)) ⊆ P (f). (6.1)
Consequently, for any k ≥ 1 and entire function f ,
fk : C \ f−k(P (f))→ C \ P (f) is a covering map, (6.2)
and thus, the homotopy lifting property applies to any homotopy of curves in C \ P (f).
We are interested in obtaining a similar property for curves whose image in C contains
postsingular points.
6.3 (Definition of the classes Hqp(W (k))). Let us fix an entire function f and let k ≥ 0. We
suggest the reader to keep in mind the case when k = 0, since it will be the one of greatest
interest for us. Let W (k) be a finite set of points in f−k(P (f)) totally ordered with respect
to some relation “<”. That is, W (k) ..= (W (k), <) = {w1, . . . , wN} ⊂ f−k(P (f)) such that
wj−1 < wj < wj+1 for all 1 < j < N . Note that in particular W (k) can be the empty
set. Then, for every pair p, q ∈ C \W (k), we denote by Hqp(W (k)) the collection of all
simple curves γ in C with endpoints p and q that join the points in W (k) in the order “<”
starting from p. More formally, γ ∈ Hqp(W (k)) if int(γ)∩ f−k(P (f)) = W (k) and γ can be
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parametrized so that γ(0) = p, γ(1) = q and γ( j
N+1
) = wj for all 1 ≤ j ≤ N . In particular,
γ can be expressed as a concatenation of N + 1 curves
γ = γw1p · γw2w1 · · · · · γqwN , (6.3)
with endpoints in W (k)∪{p, q} and such that int(γw1p ), int(γwi+1wi ), int(γqwN ) ⊂ C\f−k(P (f))
for each 1 ≤ i ≤ N . See Figure 4.
β
γ
w0 w2
w1 w3w4
Figure 4. Example of two curves γ, β ∈ Hw4w0 ({w1, . . . w4}) that are post-k-
homotopic. Points in f−k(P (f)) are represented by black dots.
We use a modified notion of homotopies for these classes of curves:
Definition 6.4 (Port-k-homotopic curves). Let W (k) = {w1, . . . , wN} ⊂ f−k(P (f)) and
let γ, β be two curves belonging to HwN+1w0 (W (k)) for some w0, wN+1 ∈ C \W (k). We say
that γ is post-k-homotopic to β if for all 0 ≤ i ≤ N , γwi+1wi is homotopic to βwi+1wi in (C \
f−k(P (f))) ∪ {wi, wi+1}.
In other words, for each i ≤ N , the restrictions of γ and β between wi and wi+1 are homo-
topic in the space (C \ f−k(P (f))) ∪ {wi, wi+1}. See Figure 4. It is easy to see that this
defines an equivalence relation in Hqp(W (k)). Then, for each γ ∈ Hqp(W (k)), we denote by
[γ]
k
its equivalence class. Note that for Hqp(W (k)) with W (k) = ∅ and p, q ∈ C\f−k(P (f)),
[γ]
k
equals the equivalence class of γ in C \ f−k(P (f)) in the usual sense. Moreover, if γ is
any curve that meets only finitely many elements of f−k(P (f)), then the equivalence class
[γ]
k
is defined in an obvious sense and is unique up to reparametrization of γ. Hence, the
notion of post-k-homotopy is well-defined for all such curves.
The following is an analog of Proposition 6.1 for post-k-homotopic curves:
Proposition 6.5 (Post-homotopy lifting property). Let f be an entire map and let C ⊂ C
be a domain such that f−1(C) ⊂ C and AV(f)∩C = ∅. Let γ ⊂ C be a bounded curve such
that #(γ ∩ P (f)) <∞. Then, for any k ≥ 0 and any curve γk ⊂ f−k(γ) such that fk|γk is
injective, for each β ∈ [γ]0 there exists a unique curve βk ⊂ f−k(β) satisfying βk ∈ [γk]k .
In particular, βk and γk share their endpoints.
Proof. Suppose that γ ∈ HwN+1w0 (W (0)), where W (0) = P (f) ∩ int(γ) =.. {w1, . . . , wN}
and w0 and wN+1 are the endpoints of γ. Let W˜ (k) ..= f
−k(P (f)) ∩ γk and note that
#W˜ (k) =.. M ≤ N. In particular, γk ∈ HvM+1v0 (W˜ (k)) for some v0, vM+1 ∈ f−k({w0, wN+1}).
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Note that W˜ (k) ⊂ f−k(W (0)) ∩ γk =.. {v1, . . . vN}. For each 0 ≤ i ≤ M , we denote by γik
the subcurve in γk with endpoints vi and vi+1.
Similarly, for a fixed β ∈ [γ]0 and each 0 ≤ i ≤ N , we denote by βi and γi the respec-
tive subcurves in β and γ with endpoints wi and wi+1; that is, β
i ..= β|[ i
N
, i
N+1
] and γ
i ..=
γ|[ i
N
, i
N+1
]. For each  > 0 small enough, we consider the restrictions β
i, ..= β|[ i
N
+, i
N+1
−]
and γi, ..= γ|[ i
N
+, i
N+1
−]. Then, since β
i, ⊂ βi and αi, ⊂ αi, βi, is homotopic to αi, in
(C \ f−k(P (f))) ∪ {wi, wi+1}. Therefore, for each i = 0, . . . , N , if γi,k ..= γik ∩ f−k(γi,),
by (6.2) and Proposition 6.1 there exists a unique curve βi,k ⊂ f−k(βi,) such that βi,k is
homotopic to γi,k in C \ f−k(P (f)).
We shall now see that as → 0, for each 0 ≤ i ≤ N , βk,i converges to a curve with endpoints
vi and vi+1 homotopic to γ
k
i in C \ f−k(P (f)) ∪ {vi, vi+1}. Indeed, note that f−k(wi) and
f−k(wi+1) are discrete sets of points, and hence we can find open neighbourhoods Vi 3 vi
and Vi+1 3 vi+1 such that Vi ∩ f−k(wi) = {vi} and Vi+1 ∩ f−k(wi+1) = {vi+1}. By the
assumption AV(f) ∩ C = ∅, using the Open Mapping theorem we can conclude that fk|Vi
is an open map, and so, we can find an open neighbourhood Wi 3 wi with Wi ⊂ fk(Vi).
In particular, βi (t) ∈ Vi for all t sufficiently close to i/N +  and βi (t) ∈ Vi+1 for all t
sufficiently close to (i + 1)/N + . Thus, by continuity of f , as  → 0, the curves βi
converge to a curve with endpoints vi and vi+1, that we denote by β
k
i . Thus, we can
construct the curve
βk ..= {v0} · βk0 · {v1} · · · · · βkN · {vN+1},
which by the inclusion W˜ (k) ⊂ f−k(W (0)) ∩ γk satisfies βk ∈ [γ]k and fk(βk) = β, as
required. 
The second goal of this section is to prove Corollary 6.9. This result asserts that given
a function f and a domain K in a hyperbolic orbifold, if certain technical conditions are
satisfied, then there is a positive constant µ such that for any curve γ ⊂ K, there exists a
curve in [γ]0 of orbifold length less than µ. In the next auxiliary proposition we construct
curves in any desired post-0-homotopy class of arbitrarily small orbifold length for orbifolds
with a unique ramified point:
Proposition 6.6. For  > 0 and d ∈ N+ define the hyperbolic orbifold O = (D(0), νd)
with νd(0) = d and νd ≡ 1 elsewhere, and let ρO(z)dz be its orbifold metric. Let f be
an entire function such that P (f) ∩ D(0) = {0}. Then, for all ′ <  small enough,
`O(∂D′(0)) < /6. Moreover, for any curve γ ⊂ D′(0), there exists γ˜ ∈ [γ]0 satisfying
`O(γ˜) < /6.
Proof. Let O˜ = (D, νd) be the orbifold with 0 as the only ramified point of degree d.
We computed in (3.10) an explicit formula for the density of its orbifold metric, namely
ρO˜(u)du = 2
(
d|u| d−1d (1− |u| 2d )
)−1
. Thus, since the function that scales by  is an orbifold
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covering map from O to O˜, by Theorem 3.5 the density of O is given by
ρO(z) = −1ρO˜(u/) = 2
(
1/d|z| d−1d (1− −2/d|z| 2d )
)−1
.
Observe that for any 1 < , the function ρO is constant when restricted to ∂D1(0), and
it is decreasing when moving through any radial segment towards 0. This implies that
`O(∂D1(0)) = 2pi1ρO(1), as a function of 1, is strictly decreasing and converging to 0
whenever 1 → 0. Thus, the first part of the statement follows.
In order to prove the second part, note that for any z ∈ D(0), the O-length of the radial
segment joining 0 to z, a segment that we denote by [0, z], is bounded by |z|ρO(z). Thus,
the O-length of the segment [0, z] also converges to 0 as |z| → 0. Hence, we can fix any
′ <  such that
`O([0, ′]) < /18. (6.4)
Let γ ⊂ D′ with endpoints p and q. If γ contains the point 0, then γ ∈ Hqp({0}) and the
concatenation of the radial lines joining p and q to 0, that is, γ˜ ..= [p, 0] · [0, q] satisfies
γ˜ ∈ [γ]0 and `O(γ˜) < /6. Otherwise, γ ⊂ Hqp(∅). Thus, the curves belonging to [γ]0 are
those homotopic to γ (in the usual sense) in D′(0) \ {0} relative to their endpoints. Note
that roughly speaking, the homotopy class of such a curve is determined by the number
n of times that it “spirals” around 0 following an orientation. Hence, we are aiming to
construct a representative of any such class with a uniform bound on its orbifold length,
namely /6. In a rough sense, for each n ≥ 0 we define a representative γ+n as follows: we
start at the point p and follow the radial line towards the origin until we meet a circle with
centre the origin of radius n small enough. Then we follow anticlockwise an arc of this
circle until meeting the point on the radial line from 0 to q. Then we follow this circle of
radius n anticlockwise n times. Finally follow this radial line to q. Similarly, we define a
curve γ−n starting at q and following this circle of radius n clockwise n times.
More formally, for each natural n ≥ 0, let n < ′ such that
`O(∂Dn(0)) <
1
18(n+ 1)
. (6.5)
Define [p, x(n)] and [y(n), q] as the restriction of the radial lines from p to 0 and 0 to q with
respective endpoints x(n), y(n) ∈ ∂Dn . Define α+n and β−n to be the arcs in ∂Dn(0) that
connect x(n) to y(n) in positive and negative orientation respectively. See Figure 5. Let
∂D+n and ∂D
−
n be the loops starting at y(n) positively and negatively oriented respectively.
We define the curves γ+n and γ
−
n as the concatenations
γ+n
..= [p, x(n)] · α+ · ∂D+n · · · · · ∂D+n︸ ︷︷ ︸
n times
·[y(n), q] and
γ−n ..= [p, x(n)] · β− · ∂D−n · · · · · ∂D−n︸ ︷︷ ︸
n times
·[y(n), q].
By the choices of ′ and n in (6.4) and (6.5), max{`O(γ+n ), `O(γ+n )} < /6, and thus for
each homotopy class of curves in D′ \ {0} we have constructed an element on it with the
desired length. The statement now follows. 
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p
q
n
′
x(n)
y(n)[p, x(n)]
[y(n), q]
α+
β−
Figure 5. Construction of representatives γ−n and γ
+
n for each post-0-
homotopy class of curves in Proposition 6.6 as a concatenation of oriented
curves.
Given f an entire function, in order to construct in Corollary 6.9 curves of any post-0-
homotopy class with uniformly bounded orbifold length in a compact set, we will assume
that there are dynamic rays landing at every postsingular points in that set. The reason
for it is that we will use those dynamic rays as a boundary that other dynamic rays will not
cross more than once. Then, our result will be a consequence of the following more general
theorem that shows that we can find curves in the desired post-0-homotopy class when we
are in a simply connected domain for which all postsingular points lie on its boundary.
If pi : D→ C is the Riemann map for some domain C, whenever ∂C is simply connected,
by Carathe´odory-Torhorst’s theorem, pi extends continuously to a surjective map pi : D→
C, that we call the extended Riemann map. Note that in that case, there might exist
curves γ ⊂ ∂C for which there is not a curve β ⊂ pi−1(γ) satisfying pi(β) = γ. For
example, let C be a circle containing a cross “+” attached to its inner boundary. Then,
the horizontal segment of the cross would be an example of such a curve. We will exclude
those “pathological cases” in our result:
Theorem 6.7. Fix f an entire map and let O = (S, ν) be a hyperbolic orbifold with S ⊂ C.
Let C ⊂ S \ P (f) be a simply connected domain such that C b S, ∂C is locally connected
and ∂C ∩ P (f) is finite. Let pi : D→ C be the extended Riemann map. Then, there exists
a constant η > 0 with the following property. Suppose that γ is a simple curve such that
int(γ) ⊂ C or γ ⊂ ∂C and there exists a curve β ⊂ pi−1(γ) satisfying pi(β) = γ. Then
there exists a curve γ˜ ∈ [γ]0 such that `O(γ˜) ≤ η.
Proof. For any two points z, w ∈ D, we denote by [z, w] the straight segment joining them.
We start by finding curves of uniformly bounded O-length in the post-0-homotopy classes
of each curve of the form pi([z, w]) ⊂ C. With that aim, let L : D× D→ R≥0 be given by
L(z, w) ..= inf
β∈[pi([z,w])]0
`O(β). (6.6)
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Note that since pi is an analytic function, pi([z, w]) has finite Euclidean length, and so
L(z, w) <∞ for all z, w ∈ D. We claim that L achieves a maximum value µ in D×D. To
prove this we show that, in fact, L is upper semicontinuous, from which the existence of
the maximum follows.
Claim. The function L is upper semicontinuous.
Proof of claim. Let (z, w) ∈ D×D and  > 0 be arbitrary but fixed. We want to show that
there exists a neighbourhood U(z)×U(w) of (z, w) such that for every (z˜, w˜) ∈ U(z)×U(w),
L(z˜, w˜) < L(z, w)+. Since by assumption #(C∩P (f)) <∞, d ..= maxz∈C∩P (f) ν(z) <∞.
Let us choose ′ <  small enough so that the estimates provided by Proposition 6.6 with
the parameters  and d! hold. Moreover, since the set of ramified points of O is discrete,
we can choose ′ < /3 such that D′(pi(z))∪D′(pi(w)) ⊂ O and the only possible ramified
points and postsingular points in that union are pi(z) and pi(w). We also choose ′ small
enough such that D′(pi(z)) ∩ D′(pi(w)) = ∅. For the rest of the proof of the claim we
assume that pi(z) and pi(w) are ramified points of O of degree d!, since by Theorem 3.5,
any estimates obtained for this case also hold if the ramification values of pi(z) and pi(w)
lie between 1 and d.
By continuity of pi, we can find respective connected neighbourhoods U(z), U(w) of z and
w relatively open in D satisfying the following properties:
• pi(U(z)) ∪ pi(U(w)) ⊂ (D′(pi(z)) ∪ D′(pi(w))) ⊂ C.
• For any (z˜, w˜) ∈ U(z)× U(w), there exists at least one arc in the curve pi−1(∂D′(pi(z)),
that we denote by ξz˜, that joins the first point of intersection of [z, w] with pi−1(∂D′(pi(z)),
with the first point of intersection of [z˜, w˜] with pi−1(∂D′(pi(z)). Similarly, there exists
an arc ξw˜ in pi−1(∂D′(pi(w)) with analogous properties. See Figure 6.
In particular, pi(ξz˜) and pi(ξw˜) are arcs in ∂D′(pi(z))∩C and ∂D′(pi(w))∩C joining pi([z˜, w˜])
and pi([z, w]). Let λ(z˜) be the restriction of pi([z˜, w˜]) between pi(z˜) and the endpoint of
pi(ξz˜) that also belongs to pi([z˜, w˜]). In particular λ(z˜) belongs to D′(z), and thus by Propo-
sition 6.6 and using Theorem 3.5, there exists λ˜(z˜) ∈ [λ(z˜)]0 satisfying `O(λ˜(z˜)) < /6.
Analogously, if λ(w˜) is the restriction of pi([z˜, w˜]) between pi(w˜) and the endpoint of pi(ξw˜)
that also belongs to pi([z˜, w˜]), then there exists λ˜(w˜) ∈ [λ(w˜)]0 such that `O(λ˜(w˜)) < /6.
Let dpi([z˜, w˜])e ..= pi([z˜, w˜]) ∩ C \ (D′(pi(z)) ∪ D′(pi(w))) and dpi([z, w])e ..= pi([z, w]) ∩ C \
(D′(pi(z))∪D′(pi(w))). In particular, for each of the just defined restrictions, one of their
endpoints is an endpoint of pi(ξz˜), and the other one is an endpoint of pi(ξw˜). Since all
curves with fixed endpoints totally contained in a simply connected domain are homotopic,
see [Hat02, Proposition 1.6], any curve totally contained in C joining pi(z˜) and pi(w˜) belongs
to [pi([z˜, w˜])]0 . In particular, since C ∩ P (f) = ∅, the concatenation
pi(ξz˜) · dpi([z, w])e · pi(ξw˜) is post-0-homotopic to dpi([z˜, w˜])e. (6.7)
Let β ∈ [pi([z, w])]0 such that `O(β) < L(z, w) + /3 and β ∩ dpi([z, w])e = ∅. Let x be
the first point in β ∩ ∂D′(pi(z)) and y be last point in β ∩ ∂D′(pi(w)) with respect to a
parametrization of β from pi(z) to pi(w), and let dβe be the restriction of β between those
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Figure 6. Proof of upper semicontinuity of the function L.
points. Let us choose the arcs in ∂D′(pi(z)) and ∂D′(pi(w)) connecting x to the endpoints
pi(ξz˜) ∩ dpi([z˜, w˜])e and pi(ξw˜) ∩ dpi([z˜, w˜])e such that the region that those arcs together
with dβe and dpi([z˜, w˜])e enclose does not contain pi(z) nor pi(w). This region always exists
by the choice of β ∩ dpi([z, w])e = ∅. We denote those arcs by γx and γy respectively. Since
by assumption β ∈ [pi([z, w])]0 , by construction, the concatenation
δx · dpi([z, w])e · δy is post-0-homotopic to dβe.
Consequently, if γx ⊂ pi(ξz˜)∪ δx and γy ⊂ (pi(ξw˜)∪ δy) are the curves joining the endpoints
of dpi([z˜, w˜])e and dβe, then using (6.7),
γ2 ..= γx · dβe · γy is post-0-homotopic to dpi([z˜, w˜])e.
By construction and using Proposition 6.6,
`O(γ2) ≤ `O(∂D′(pi(z))) + `O(β) + `O(∂D′(pi(w))) < `O(β) + /3.
Finally, the concatenation
γ ..= λ˜(z˜) · γ2 · λ˜(w˜) is post-0-homotopic to pi([z˜, w˜])
and L(z˜, w˜) ≤ `O(γ) < L(z, w) + . 4
If µ is the maximum value that L attains in D × D, then for every pair (z, w) ∈ D × D,
we can find a curve β ∈ [pi([z, w])]0 such that `O(β) < 2µ. Let us start by considering the
cases when int(γ) ⊂ C, or γ ⊂ ∂C and int(γ)∩P (f) = ∅. Let p and q be the endpoints of
γ and let z, w ⊂ pi−1({p, q}) be the endpoints of a curve in D that is mapped univalently
under pi to γ. Note that such curve always exists: when int(γ) ⊂ C, it is the curve that
contains the unique preimage pi−1(int(γ)), and when γ ⊂ ∂C, there are two such curves,
that in particular share one of their endpoints. In both cases pi([z, w]) and γ enclose a
simply connected domain contained in (C \ P (f)) ∪ {p, q}. Thus, if we consider the set
W ..= γ ∩ P (f), which might be either empty or contain one of both of the endpoints of
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γ, we have using again [Hat02, Proposition 1.6] that pi([z, w]) and γ are post-0-homotopic,
and in particular pi([z, w]) ∈ [γ]0 . Thus, there exists γ˜ ∈ [pi([z, w])]0 = [γ]0 such that
`O(γ˜) ≤ 2µ.
We are left to consider the case when γ ∈ ∂C such that there exists a curve β ⊂ pi−1(γ)
satisfying pi(β) = γ. Let p, q be the endpoints of γ and suppose that γ ∈ Hqp(W ) for
W ..= P (f) ∩ γ = {w1, . . . , wN}. Let us consider the expression of γ as a concatenation
γ = γ0 · γ2 · · · γN , where each γi ..= γ|[i/N,(i+1)/N ], as in (6.3). Note that for each 0 ≤
i ≤ N , γi satisfies the hypothesis of the case considered before, that is, γi ⊂ ∂C and
int(γi)∩P (f) = ∅. Thus, for each i there exists a curve γ˜i ∈ [γi]0 with `O(γ˜i) ≤ 2µ. Then,
the concatenation γ˜ = γ˜0 · γ˜2 · · · γ˜N satisfies γ˜ ∈ [γ]0 and `O(γ˜) ≤ 2µ|P (f)| =.. ν. Letting
η ..= max{ν, 2µ} the theorem follows. 
Remark. We believe that the infimum in equation (6.6) is in fact a minimum value, that
is, there exists an orbifold geodesic in the homotopy class that realises such distance.
Nonetheless, a reference has not been located and its existence was not required for our
purposes.
Before stating our last result, we provide a formal definition of dynamic ray:
Definition 6.8 (Ray tail, dynamic ray). [RRRS11, Definition 2.2]. Let f be a transcen-
dental entire function. A ray tail for f is an injective curve γ : [t0,∞)→ I(f), with t0 > 0
such that
• For each n ≥ 1, fn(γ(t)) is injective with limt→∞ fn(γ(t)) =∞.
• fn(γ(t))→∞ uniformly in t as n→∞.
A dynamic ray of f is a maximal injective curve γ : (0,∞)→ I(f) such that γ|[t,∞) is a ray
tail for every t > 0. We say that γ lands at z if limt→0 γ(t) = z, and we call z the endpoint
of γ.
Corollary 6.9. Fix f ∈ B and let O = (S, ν) be a hyperbolic orbifold with S ⊂ C. Let
U b S be a simply connected domain with locally connected boundary for which P (f)∩U ⊂
J(f) is a finite set and there exists a dynamic ray landing at each point in P (f)∩U . Then,
there exists a constant LU ≥ 0, depending only on U , such that for any connected piece of
ray tail ξ ⊂ U , there exists δ ∈ [ξ]0 with `O(δ) ≤ LU .
Proof. Let P (f) ∩ U =.. {p1, . . . , pN} for some N < ∞. We start by defining a set
X ⊃ (P (f) ∩ U) using pieces of dynamic rays. By assumption, for each 1 ≤ i ≤ N,
there is at least one dynamic ray landing at each pi ∈ P (f) ∩ U . We choose any such and
denote by γi a parametrization of the connected component in U of the ray that contains
its landing point pi. We construct the set X the following way: define X1 ..= γ1 ∪ ∂U . For
2 ≤ i ≤ N , let Xi be the union of Xi−1 with the connected component of γi \Xi−1 contain-
ing pi. By construction, X ..= XN is a collection of N˜ ≤ N connected components, each of
them formed by finitely many pieces of ray tails so that U \X is simply connected. That
is, the set X can be characterized as X =
⋃N˜
k=1 Tk∪∂U , where each Tk has the topological
structure of a tree with finitely many edges {ek1, . . . , ekm(k)}. We denote M ..= maxk≤N˜ m(k).
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Let C ..= U \X and note that by construction C is a simply connected domain such that
C ∩ P (f) = ∅, and whose boundary ∂C equals X ∪ ∂U , and so it is locally connected.
Hence, the set C satisfies the conditions in Theorem 6.7. We claim that if ξ is a piece of
ray tail in U = C \ ∂U , then three cases may occur:
Type 1. int(ξ) ⊂ C.
Type 2. ξ ⊂ ∂C and ξ is a concatenation of at most M curves {αi}i so that for each of
them, there exists a curve βi ∈ ∂D such that pi(βi) = αi, where pi denotes the extended
Riemann map from D to C.
Type 3. ξ is a concatenation of at most 2N˜ + 1 curves of types 1 and 2.
Indeed, if ξ ⊂ ∂C, by assumption ξ ⊂ Tk for some k and so ξ is contained in a concatenation
of some of the edges {ek1, . . . , ekm(k)} of Tk. The preimage under pi of each of those edges is
either an arc that maps 2-to 1 to the edge, or two different arcs, each of them having as
image the whole edge. Thus, ξ is of Type 2. Let us now analyse the case when ξ ⊂ C \ ∂U
is a piece of dynamic ray which is not of type 1 nor 2. Then ξ∩Tk 6= ∅ for some k. Since Tk
(apart from maybe some endpoints) escapes uniformly to infinity, ξ∩Tk must be connected.
Otherwise, Tk ∪ ξ would enclose a domain that escapes uniformly to infinity, contradicting
that I(f) has empty interior as f ∈ B. This means that ξ ∩X is a collection of at most N˜
curves, preceded and/or followed by subcurves in ξ with interior in C. Thus ξ is of Type
3. Hence, by Theorem 6.7, there exists a constant ν such that if ξ is a piece of dynamic
ray in U , then there exists a curve ξ˜ ∈ [ξ]0 such that `O(ξ˜) ≤ max{M, 2N˜ + 1}ν =.. µ. 
References
[AS72] M. Abramowitz and I.A. Stegun. Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables. National Bureau of Standards, Gaithersburg, MA, New York, 1972.
[Bak75] N. Baker. The domains of normality of an entire function. Ann. Acad. Sci. Fenn. Ser. A I,
1:277 – 283, 1975.
[Ber93] W. Bergweiler. Iteration of meromorphic functions. Bulletin of the American Mathematical
Society, 29(2):151–188, 1993.
[BFRG15] W. Bergweiler, N. Fagella, and L. Rempe-Gillen. Hyperbolic entire functions with bounded
Fatou components. Commentarii Mathematici Helvetici, 90(4):799–829, 2015.
[BHK+93] W. Bergweiler, M. Haruta, H. Kriete, Hans-Gu¨nter Meier, and N. Terglane. On the limit
functions of iterates in wandering domains. Annales Academiæ Scientiarum Fennicæ Series
A. I. Mathematica, 18(2):369–375, 1993.
[BM02] W. Bergweiler and S. Morosawa. Semihyperbolic entire functions. Nonlinearity, 15(5):1673–
1684, 2002.
[BM17] M. Bonk and D. Meyer. Expanding Thurston Maps. Mathematical Surveys and Monographs,
225. American Mathematical Society, 2017.
[DH84] A. Douady and J. H Hubbard. E´tude dynamique des polynomes complexes. Orsay : Universite
de Paris-Sud, Dept. de Mathe´matique, 1984.
[EL92] A. Ere¨menko and M. Lyubich. Dynamical properties of some classes of entire functions. Ann.
Inst. Fourier (Grenoble), 42(4):989–1020, 1992.
[GH81] M. Greenberg and J. Harper. Algebraic Topology. A First Course. Mathematics Lecture Note
Series. Benjamin Cummings Publishing Company, 1981.
[Hat02] A. Hatcher. Algebraic Topology. Algebraic Topology. Cambridge University Press, 2002.
[Las16] Hyperbolic entire functions and the Eremenko-Lyubich class: Class B or not class B? Mathe-
matische Zeitschrift, 286(3-4):783–800, 2016.
36 L. PARDO-SIMO´N
[Leh65] O. Lehto. An extension theorem for quasiconformal mappings. Proc. London Math. Soc.,
14a:187–190, 1965.
[LV73] O. Lehto and K. Virtanen. Quasiconformal mappings in the plane (Second edition). Springer-
Verlag, New York-Heidelberg, 1973. Translated from the German by K. W. Lucas, Die
Grundlehren der mathematischen Wissenschaften, Band 126.
[MB09] H. Mihaljevic´-Brandt. Topological dynamics of Transcendental Entire Functions. PhD Thesis,
University of Liverpool, 2009.
[MB10] H. Mihaljevic´-Brandt. A landing theorem for dynamic rays of geometrically finite entire func-
tions. Journal of the London Mathematical Society, 81(3):696–714, 2010.
[MB12] H. Mihaljevic´-Brandt. Semiconjugacies, pinched Cantor bouquets and hyperbolic orbifolds.
Trans. Amer. Math. Soc., 364(8):4053–4083, 2012.
[MBRG13] H. Mihaljevic´-Brandt and L. Rempe-Gillen. Absence of wandering domains for some real entire
functions with bounded singular sets. Math. Ann., 357(4):1577–1604, 2013.
[McM94] C. McMullen. Complex dynamics and renormalization. (AM-135). Princeton University Press,
Princeton, 1994.
[Mil11] J. Milnor. Dynamics in One Complex Variable. (AM-160) - Third Edition. Annals of Mathe-
matics Studies. Princeton University Press, 2011.
[Mun00] J. R. Munkres. Topology (Second edition). Prentice Hall, Inc, 2000.
[PS19a] L. Pardo-Simo´n. Dynamics of transcendental entire functions with unbounded postsingular
set. PhD thesis, draft, 2019.
[PS19b] L. Pardo-Simo´n. Splitting hairs with transcendental entire functions. ArXiv:1905.03778, 2019.
[Rem09] L. Rempe. Rigidity of escaping dynamics for transcendental entire functions. Acta Math.,
203(2):235–267, 2009.
[Ric93] S. Rickman. Quasiregular mappings. Ergebnisse der Mathematik und ihrer Grenzgebiete,26.
Springer-Verlag, Berlin, 1993.
[RRRS11] G. Rottenfusser, J. Ru¨ckert, L. Rempe, and D. Schleicher. Dynamic rays of bounded-type
entire functions. Annals of Mathematics (2), 173(1):77–125, 2011.
[Six18] D. J. Sixsmith. Dynamical sets whose union with infinity is connected. Ergodic Theory and
Dynamical Systems, page 1–10, 2018.
[Thu84a] W.P. Thurston. The Geometry and Topology of Three-Manifolds. Lecture notes, 1984.
[Thu84b] W.P. Thurston. On the combinatorics and dynamics of iterated rational maps. Preprint, 1984.
[Vuo88] M. Vuorinen. Conformal Geometry and Quasiregular Mappings. Lecture Notes in Mathematics,
1319. Springer-Verlag, Berlin, 1988.
